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ARTICLE INFO ABSTRACT

Keywords: All beauty, richness and harmony in the emergent dynamics of a complex system largely depend
Complex networks on the specific way in which its elementary components interact. The last twenty-five years
Higher-order interactions have seen the birth and development of the multidisciplinary field of Network Science, wherein
Hypernetworks a variety of distributed systems in physics, biology, social sciences and engineering have been
Simplicial complexes modelled as networks of coupled units, in the attempt to unveil the mechanisms underneath their
Structural properties observed functionality. There is, however, a fundamental limit to such a representation: networks
Emergent collective dynamics capture only pairwise interactions, whereas the functioning of many real-world systems not only
Processes on networked systems involves dyadic connections, but rather is the outcome of collective actions at the level of groups

of nodes. For instance, in ecological systems, three or more species may compete for food or
territory, and similar multi-component interactions appear in functional and structural brain net-
works, protein interaction networks, semantic networks, multi-authors scientific collaborations,
offline and online social networks, gene regulatory networks and spreading of consensus or con-
tagious diseases due to multiple, simultaneous, contacts. Such multi-component interactions
can only be grasped through either hypergraphs or simplicial complexes, which indeed have re-
cently found a huge number of applications. In this report, we cover the extensive literature of
the past years on this subject, and we focus on the structure and dynamics of hypergraphs and
simplicial complexes. These are indeed becoming increasingly relevant, thanks to the enhanced
resolution of data sets and the recent advances in data analysis techniques, which (concurrently
and definitely) have shown that such structures play a pivotal role in the complex organization
and functioning of real-world distributed systems.

1. Introduction

Extended physical systems can be categorized in two main classes: continuous and distributed.

By continuous ones we mean those systems whose extension is in a physical space (or, in the case of delayed
dynamical systems, in time), and which are generally modeled by means of partial differential equations. In these
cases, instabilities in space and/or in time lead to the spontaneous (or forced) emergence of "patterns”, which may
coexist or compete in the physical domain, giving rise to a very complex spatiotemporal dynamics. One such example
is Rayleigh-Bénard convection in fluids under the effect of gravity and heated from below [1, 2]. There, patterns
spontaneously arise as those observed on the surface of the Sun, or those verified in the mantle of the Earth, or (when
furthermore rotation is acting as a driving force) like the Great Red Spot seen in Jupiter or like the clouds that are
forming in the Earth atmosphere. Other examples are nonlinear optical systems confined within cavities with high
Fresnel numbers which give rise to pattern formation and competition [3], or solidification of materials which may
result in intricate patterns such as those observed in snowflakes and dendritic crystals.

At variance, distributed systems not necessarily have extension in space, but can be seen as formed by a myriad of
elementary (or unit) components, each interacting with all the others via a (in general complex and intricate) wiring
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The structure and dynamics of networks

of connections. Therefore, each system’s component may be identified by a node, or vertex, of a network (sometimes
associated to a vector state which evolves following a set of ordinary differential equations), and the interplay with the
rest of the units may be represented by the edges, or links, of that network. Thanks to their interactions, the unitary
components organize into an emergent collective dynamics, whose complexity, beauty, richness and harmony largely
depend on the topological properties of the underneath graph’s structure of connections.

Examples of distributed systems which have been modeled as networks are the brain (where nodes are neurons
and links are synaptic connections), the WWW (where nodes are web-pages and links are hyperlinks from a page to
another), the air transportation system (where nodes are airports and links are flights), food webs and ecological systems
(where nodes are species and links are ecological interactions), scientific coauthorship (where nodes are scientists and
links are co-Authored papers), just to mention a few cases. In fact, we ourselves, as individuals, can be seen as the
units of a network of social relationships of different kinds and, as biological systems, as the delicate result of a very
complicated network of biochemical reactions.

The last twenty-five years have seen the birth and development of the multidisciplinary field of Network Science,
wherein a variety of distributed systems in physics, biology, social sciences and engineering have been mapped into
networks of coupled units, in the attempt to discover the mechanisms underneath their observed functionality [4, 5, 6].

Network Science is nowadays one of the hottest and most successful research field, with interdisciplinary applica-
tions in areas as diverse as systems engineering, systems biology, nonlinear and statistical physics, applied mathemat-
ics, genetics, meteorology, econophysics, neuroscience and personalized medicine.

There exists, however, a fundamental limit in the network representation of a distributed system: networks capture
only pairwise interactions, whereas, in general, the way many real-world systems interplay at their component level not
only involves dyadic connections, but rather entails "group interactions" among the network’s nodes. In other words,
when one adopts a network representation of a system, the overall action of the entire system on each unitary component
is assumed to be always exhaustively described by (or factorizable into) a combination of pairwise interactions.

Such a hypothesis may indeed find justification when one studies certain types of processes. For instance, when
the nature of the interaction is linear, in virtue of the superposition principle one has that the net effect caused by the
simultaneous interplay with more than one unit is always equivalent to the sum of the effects that would have been
caused by each dyadic interaction individually.

However, as soon as the assumption of linear coupling is abandoned, that hypothesis is very short in representing
faithfully many circumstances. Indeed, from functional [7, 8, 9] and structural [ 10] brain networks to protein interaction
networks [11], to semantic networks [12] and co-Authorship graphs in science [13] there are a lot of practical situations
which simply cannot be factorized in terms of pairwise interactions [14] and where, instead, higher-order interactions
have to be taken into account for a proper description of the system.

Let us pay few words to illustrate a couple of examples.

The first is borrowed from social science, and refers to collaboration networks. Imagine to map the entire scientific
literature into a giant network where nodes are fellow researchers of different disciplines and all published co-Authored
papers define the interactions among scientists, and let us focus on three specific scientists, say i, j, and k. Let us
furthermore conjecture that the literature contains at least a paper co-Authored by i and j but not co-Authored by k,
and at least another two papers: one co-Authored by j and k but not by i, and one co-Authored by i and k but not by
Jj. The case is mapped into a triangle which connects the three nodes i, j, and k, and which is indeed factorizable as
the sum of the three dyadic interactions. A completely different situation occurs when the literature does not contain
such three papers, but contains a single published Manuscript which is co-Authored by i, j, and k together. Also in
this latter case a triangle would represent the interaction of the three scientists, but now such a triangle would stand for
a genuine triadic interaction.

As a second example, one can think of species interactions within ecological webs. Ecologists have identified
several types of dyadic (species-species) interactions as, for instance, mutualism, commensalism, competition, preda-
tion, and parasitism. Besides such two species interactions one can have, however, other more complicated situations,
wherein a given species acts as a catalyst (or as a inhibitor) of the interaction between two other species, even without
directly interacting with them. Imagine two species of herbivores which compete for the same food, and another species
of small animals (insects, for example) which, when they die, are acting as a fertilizer for the grass on which the two
species feed. Once again, this three-species interaction cannot be factorized into the sum of three dyadic interplays.

Appearance of such multi-component actions is much more generic than the two described examples, as higher-
order interactions abundantly take place in functional and structural brain networks, protein interaction networks,
semantic networks, offline and online social networks, gene regulatory networks and spreading of consensus or conta-

S. Boccaletti et al.: Preprint submitted to Elsevier Page 2 of 74



The structure and dynamics of networks

gious diseases due to multiple, simultaneous, contacts.

To properly describe these, and many other cases, one has then to map many-body interactions into proper repre-
sentations by the use of hypergraphs and/or simplicial complexes. While hypergraphs and simplicial complexes are
known in classical graph theory since longtime [15], the availability of new data sets and the recent advances in topo-
logical data analysis techniques [16] renewed the interest of the scientific community [17]. On the side of modeling,
progresses were made in the last years in extending to hypergraphs standard graph models, such as random graphs
models [18], the configuration model [19], models of network growth [20, 21] and activity driven models [22]. Fur-
thermore, it was shown that these kinds of group interactions have a very important role in the collective dynamics
and processes taking place in networked systems, such as spreading of ideas and social contagion [23, 24], evolution-
ary games [25], and synchronization of networked dynamical systems [26, 27], in some cases even determining the
emergence of novel states, or states which would be inherently prohibited with only dyadic interactions.

Even though some nice reports on this subject are already available in the literature under the form of mono-
graphs [28] or books [29, 30, 31, 32, 33], higher-order networks are one of the most rapidly emerging field of modern
research with interdisciplinary applications in several areas. A systematic study of structural properties in network sys-
tems with higher-order interactions is still missing, as well as a complete investigation on these systems’ functionality,
dynamics and control is still at its infancy.

That’s why we decided to embark ourselves in the present journey, with the belief that the modern advancements
regarding the intimate relationship between the structure and dynamics of network beyond pairwise interactions, as well
as the many novel dynamical behaviors which have been recently unveiled as entirely due to the presence of such group
interactions, are justifying the additional effort of recapitulating them within a comprehensive review paper which has,
furthermore, the pretention of indicating points that are still open and delineating some promising directions which
are, in our opinion, still unexplored and merit instead to be pursued in future years.

Besides the present introduction, the report is, therefore, organized in other 4 Chapters.

In Chapter 2, we start by discussing the mathematical formalism of hypergraphs and simplicial complexes, with a
special attention to review the various measures which are used to characterize the connectivity structure of these ob-
jects, from generalized degrees and Laplacians, to distances, efficiency, vulnerability, resilience, centrality and ranking.
The Chapter ends with an account on preferential an non preferential models that are used to generate hypernetworks
endowed with specific scaling properties.

Chapter 3 is devoted to discuss the effects of such higher order interactions when different processes are studied in
hypernetworks, from evolutionary games to spreading processes and social contagion.

In Chapter 4, we review the main features characterizing the emerging collective dynamics of networks with higher
order interactions, with a specific attention to the setting of synchronized states among identical and non identical
dynamical systems, and to consensus dynamics. The Chapter ends with an account on methods for the control of
hypernetworks, and on hypergraph controllability.

Finally, in Chapter 5 we report our conclusions, and discuss few open points which constitute (in our opinion) real
challenges for the future years.

2. The mathematical formalism of networks with higher order interactions

The discipline of Network Science is strongly intertwined with the study of heterogeneity in real-world systems,
which led scientists to realize the multifold roles that nodes play in complex networks, establishing a vision that sur-
passed that of the classical Erd6s-Rényi random-graph models [4]. The next breakthrough happened when the scientific
community explored networks in which not only nodes, but also links, could have a different nature, thus starting the
development of multilayer network models [34]. We are currently progressing towards a third milestone, which is the
consistent study of networks whose links are not limited to joining only two nodes, but rather can represent simulta-
neous interactions between any finite number thereof [28]. These new models are called higher-order networks, and
their underlying structure is that of hypergraphs and simplicial complexes [28, 30, 35, 36].

Such structures arise naturally when one describes relationships between groups of more than two nodes, and thus
they are the natural generalization of the concept of graph. The extension to higher-order networks of the numerous
concepts, measures and observables defined in classical Network Science (from degree to directionality, from distances
to mesoscales, just to mention a few) is far from being an obvious task and, in fact, is one of the currently most active
areas of research for the community of applied mathematicians. In some cases, the current state of the art is still in its
infancy, and there are many problems that still need solutions. Therefore, in this chapter we decided to focus on the few
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well-established concepts, and to summarize the results that have been used in studies of dynamics and processes taking
place on higher-order networks, which are reviewed in the following chapters. At the same time, here we establish the
notation we use throughout the report and include a final section on models and generating algorithms for hypergraphs
and simplicial complexes. A table with the list of major symbols used is enclosed. Note that, although we believe that
the definitions used here are the most common and most generally accepted, differences are sometimes encountered
in the literature. For example, some Authors have defined the degree of a node in a higher-order network not as the
overall number of hyperedges that contain it, but as a vector whose components are the number of hyperedges of a
given cardinality that contain it (see Ref. [28] and references therein).

2.1. Basic and preliminary definitions

A hypergraph H is a pair H = (X, £€), where X is a finite set of nodes (also called vertices) X = {1,..., N} and
E = {hl, hy, ..., hn} is a family of nonempty subsets of elements of X [28, 29, 30, 35, 36, 37, 38, 39]. These subsets
are called hyperedges or hyperlinks, and they represent an interaction taking place between elements of X (see panel
(a) of Fig. 1). Hypergraphs are the natural structures that underlie higher-order networks because any higher-order
interaction can be readily made to correspond to a hyperedge 4 whose cardinality |A| is greater than 2 and equals the
number of elements that participate in it.

A hyperedge consisting of a single node is called a loop. In the following, except if otherwise explicitly stated, we
will only consider loopless hypergraphs.

A loopless hypergraph that has no repeated hyperedges is called a simple hypergraph. In simple hypergraphs, £ is
not just a family of hyperedges but a set thereof.

If |h| = k the dimension of his saidtobe k — 1.

The order of H is the cardinality of X, and its size is |£|. In other words, the order of a hypergraph is the number
of nodes it contains, and its size is the number of hyperedges that form it.

Two hyperedges h; and h; are said to be incident if h; N h; # @, i.e., if they have at least one node in common.

Two nodes are said to be adjacent if there is at least one hyperedge that contains both.

The collection of hyperedges incident on a node i, £ (i) = {h | i € h} is called the star of i.

Two nodes i and j are said to be similar if their stars are the same, i.e., if £ (i) = £ (j). Equivalently, two nodes
are similar if they participate in all the very same hyperedges.

The degree of node i in the hypergraph H is denoted by degy, (i), or simply deg (i) if there is no ambiguity, and is
the number of hyperedges that contain it, which equals the size of its star. In formulae, deg (i) = |£€ (i)|. The largest
degree amongst the nodes in H is denoted by A (H).

The rank of H is the maximum cardinality of its hyperedges, i.e., rank (H) = 11111;12( {|n|}. Similarly, the co-rank of

H is the minimum cardinality of its hyperedges, i.e., co-rank (H) = rhmg {|A|}. If rank (H) = co-rank (H) = k, then
€

all the hyperedges have the same cardinality, as they all involve the same number of nodes k, and the hypergraph is
called k-uniform, or simply uniform.

If all the nodes in the hypergraph have the same degree k, the hypergraph is said to be k-regular, or simply regular.

Given two hypergraphs H = (X, &) and H' = (X', £’),if X' C X and VA’ € &’ there is only one h € £ , such that
K C h, then H' is called a sub-hypergraph of H. In other words, a sub-hypergraph of H is a hypergraph on a subset
of the nodes of H such that for each hyperedge of the sub-hypergraph there is only one hyperedge of H containing it.
Note that H = (X, £) is a sub-hypergraph of itself. Additionally, if Y C X, the induced sub-hypergraph by H on Y is
the hypergraph Hy = (Y, £y) where &y is defined by

h' €& & 3he Esuchthat ' =hnY.

Thus, the difference between a sub-hypergraph and an induced sub-hypergraph of a same hypergraph H is that
former may exclude hyperedges formed by some of its nodes that are present in , whereas the latter may not.

2.1.1. Paths, distances and connectedness of hypergraphs

Given a hypergraph H, a walk W of length r from node x to node y is an alternating node-hyperedge sequence
(x =k, hy,ky, by, ook Rk = y) such that k; # k;,| and k;, k; | € h;. If the sequence of 2-tuples of consec-
utive elements of W, ((kl, hy), (ky, hy), (ky, hy), ..., (k. h), (k1 h,)), has no repeated elements, then W is called
a trail. Note that this definition effectively generalizes that of a trail in a graph, by requiring that the induced dyadic

sub-interactions used within each hyperedge to pass from each node in W to the next be different. A walk in which
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(a) (b)

Figure 1: Hypergraphs and simplicial complexes. Schematic illustration of a hypergraph [panel (a)] and of a simplicial
complex [panel (b)]. The hypergraph is formed by 5 nodes, one red hyperedge of size 2, two green hyperedges of size 3
and one yellow hyperedge of size 4. The simplicial complex is made of 19 nodes, two simplices of cardinality 1 (links), 8
simplices of cardinality 2 (green triangles) and 2 simplices of cardinality 3 (yellow tetrahedra).

all the nodes are distinct is called a path. Note that in simple graphs the requirement of having distinct nodes implies
that all the traversed edges are also different; however, this implication does not hold in hypergraphs, and repeated
hyperedges are allowed in paths. Finally, if x = k; = k.| = y the path is called a cycle.

A hypergraph is said to be connected if any pair of nodes is connected by at least a walk.

The distance between two nodes i and j in the hypergraph H is the minimum length of a path connecting them,
and it is indicated by dy; (i, j), or simply d (i, j) if there is no ambiguity. If there is no path between i and j then their
distance is defined to be infinite. The diameter of a hypergraph is defined as the largest distance between any two
nodes.

If a hypergraph H is not connected, its connected components, or simply components, are its maximal-order con-
nected induced sub-hypergraphs. Informally, these are the individual connected sub-hypergraphs that partition H and
that are such that no walk exists between a node in one component and a node in another. More formally, they are the
equivalence classes induced by the equivalence relation R defined on the set of nodes by

(i,j) € R < i = j or there is a walk between i and j .

2.1.2. Simplices and simplicial complexes

A special type of hypergraphs that have attracted considerable attention in the study of complex systems are simpli-
cial complexes. By definition, a simplicial complex is a hypergraph H = (X, £) such that, for every h € €,if b’ C h
and |h’ | > 2, then A’ € €. In other words, simplicial complexes are hypergraphs in which the presence of a hyperedge
of any cardinality implies the existence of all hyperedges of any smaller cardinality on the same nodes (see panel (b)
of Fig. 1). The origin of their name lies in the traditional terminology that defines a p-simplex as the collection of a
set of size p + 1 and all its proper subsets of size greater than 1. Note that this is in analogy to hyperedges, so that
the largest hyperedge in a p-simplex has dimension p although it should be pointed out that in Algebraic Topology the
hyperedges such that || = 1 are also included in the classic definition of simplicial complexes. Finally, the dimension
of a simplicial complex S is the maximum dimension of its simplices, which equals rank (S) — 1.

Although a p-simplex can be considered as an abstract object determined by its nodes, traditionally simplices
have been viewed through a geometric representation as polyhedra in a multidimensional space. Thus, for example,
a 1-simplex is a line between two nodes (an edge), a 2-simplex is a triangle and a 3-simplex is a tetrahedron. More
generally, a p-simplex is the p-dimensional analogue of a triangle, i.e., the convex envelope of a set of p+ 1 independent
nodes in a general position. It is also worth noting that simplicial complexes are similar to those complexes considered
in algebraic topology as the working objects of the classic theory of homology and homotopy [40, 41, 42].

Finally, the simplicial network closure of a hypergraph H = (X, £) is the simplicial complex H = (X € ) on the
same nodes obtained by replacing each hyperedge of H with its induced simplex, without repetitions:

E=JPmI\{H ePh)| |W|<2},

he&
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Figure 2: Bipartite representation of hypergraphs. The hypergraph H = ({1,2,3,4,5,6}, {h,, hy, h;, h,}) (left panel) is
mapped into a bipartite graph (right panel) in which the top nodes correspond to the nodes of H, the bottom nodes
correspond to the hyperedges of H and the edges link the nodes to all the hyperedges to which they belong.

where P(h) denotes the power set of A. For instance, if we take X = {i,j,k,/} and € = {{i,j,k},{j.k}}, then
E={{i,j.k}y . {i,j} . {i.k}, {j, k}}.

2.1.3. Matrix and hypermatrix representations of hypernetworks

One of the most natural ways to represent group interactions is by using bipartite graphs: given a simple hypergraph
H = (X, £), build the bipartite graph B (H) = (X U &, E) defined by the two node sets X and £, and containing all
and only the edges (i, h) such thati € X, h € £ and i € h. In other words, the nodes of B represent the nodes and the
hyperedges of H, and the edges of B link the nodes representing nodes of H with those representing the hyperedges
of H that contain them (see Fig. 2).

An alternative representation of a hypergraph can be obtained by means of its incidence matrix. Originally in-
troduced by Kirchhoff in 1847 for the description of electrical circuits and their applications, incidence matrices
are an established way to describe relationships between two different classes of objects. The incidence matrix
I(H) of a hypergraph H is a matrix whose rows correspond to the nodes of H and whose columns correspond
to its hyperedges. As an example, consider the hypergraph H with nodes X = {1,2,3,4,5,6} and hyperedges
hy = {1,2,4} ,h, = {2,3},h; = {1,2,3},hy = {3,5,6} (illustrated in the left panel of Fig. 2). Its incidence
matrix is

I(H) =

SO = O = =
S OO = —=O
S OO = ==
—_—_ 0 = O O

It is straightforward to verify that I () can be obtained directly from the adjacency matrix A (B (H)) of the bipartite
graph B (H). In fact, one can write A (B (H)) as the block matrix

A(B(H)) = <IT ?H) I(z)_[)) >

where the superscript T indicates transposition.
A further useful matrix is the frequency matrix of relations of H, A (H), which is an | X | X | X | matrix defined by

_ ) deg(®) ifi=j
Ai’j(H)_{l{hli,jeh}l ifisj. M

From its definition, it is clear that its diagonal elements contain the degrees of the nodes and its off-diagonal elements
contain the number of times the two corresponding nodes are found in the same hyperedge. So, for the same example
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hypergraph as before, the frequency matrix of relations is

22110 0
23210 0
1 230 1 1
A=l 1 01 0 0
00101 1
00101 1

With this formalism, it is possible to verify that
I(H) - 1T (H) = A(H),
and
') 100 = A1) .

where A (H) is an |€| X |€| matrix defined by

~ |7 ifi=j
Ay (H) = I e
|h; N Ayl ifi#j,
so that its diagonal elements contain the cardinalities of the hyperedges and its off-diagonal elements contain the

number of nodes that the two corresponding hyperedges have in common. Finally, using the previous definitions, one
can write

AZ(B<H>)=<A(H) 0 )

0 AR

Taking the matrix A (H) and replacing the diagonal elements with zeros one obtains the adjacency matrix of the
hypergraph A (H). Formally, this can be written as

AMH)=AH)-D,

where D is the diagonal matrix containing the degrees of the nodes. If the hyperedges are weighted, one can obtain a
weighted adjacency matrix by exploiting the definition of A (H) in terms of the incidence matrix. Then, introducing
the diagonal matrix W containing the weights of the hyperedges, and treating it as a metric, one can write [43]

AH)=1H)-W-T' (H) .
Finally, higher-order matrix representations of higher-order networks have also been introduced in Refs. [28, 30,
44, 35, 45, 36, 46]. A common formalism is to define one N X --- X N adjacency hyper-matrix AK® (H) for each
———

k times

cardinality k of the hyperedges, so that

A(k) ={1 if{il,...,ik}eé',

Tl 0 otherwise .
In the following, the adjacency hyper-matrix of the hypergraph is also called adjacency tensor.

2.1.4. Graph representations

One of the most frequently pursued objectives when working with higher-order networks is to try to approximate
them by conventional graphs or by regular hypergraphs and compare the analysis results obtained for the original
higher-order graph with those obtained on the approximating structures. Several approximations can be defined using
common techniques of geometric convex analysis. In particular, approximations of a higher-dimension convex body
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Figure 3: Walks on hypergraphs. lllustration of 1-walks [panel (a)] and of 2-walks [panel (b)].

in R” can be obtained by using the two basic tools of sections and projections in lower dimensional spaces R with
k < n.

Although the relevance of this type of approximations is indisputable, the best approximation one may adopt often
depends on the specificities of the problem under study. Therefore, the correct question is not which conventional
graph best approximates a hypernetwork, but rather which standard graph best approximates the hypernetwork under
the specific conditions of the process or dynamics under study.

Sectioning effectively consists in partitioning a hypergraph H of rank R into a set of maximal k-uniform hy-
pergraphs s, (H) = (X, &), which are called the k-skeletons of H, so that for each hyperedge cardinality k, £ =
{he&| |hl=k},and H = Uf:z s(H). The k-projection of H, instead, is the k-uniform hypergraph 7, (H) =
(X, J,) where

{iy....iy } €Ty & Ih €& |iy,....i, €h.

In other words, to form the k-projection of a hypergraph, first remove all hyperedges of cardinality smaller than k,
and then replace each hyperedges A of cardinality x > k with hyperedges between all possible choices of k& nodes
out of the x nodes in h. A weighted version of such projections is also possible, by providing each hyperedge in the
projection with a weight equal to the number of hyperedges of { that contain all its nodes. Note that &, (}) is the
classic projection of H into a simple graph.

Skeletons and projections have some basic properties, which we list below:

1. s, (H) C n;, (H) Vk €N, 2 < k < R, with the equality holding for kK = R.
R

2. U 7, (H) is a simplicial complex Vk € N, 2 <k < R.

k=2
R
3. U m (H) is the smallest simplicial complex that contains H.
k=2
4. H is a simplicial complex if and only if s, (H) =7, (H) Vk €N, 2< k< R.

R
. H C | =, (H), with the equality holding if and only if H is a simplicial complex.
k=2

. deg”k(H) (i) > degy (i) > degsk(H) (i) forallnodesi and Vk € N, 2 < k< R.
Ldy (L)) < d,,k((H)) (i, ) < dsk(H) (i, j) for all pairs of nodes i and j and Vk € N, 2 < k < R.
9. dy (i, )) = dﬂz(H) (i, j) for all pairs of nodes i and ;.

5
6. H is a simple graph if and only if s, (H) = 7, (H) = H.
7
8

A consequence of the last property is that the metric structure of H and that of 7, (H)) coincide, and therefore all the
structural metric parameters are the same for  and for its projection to a simple graph. Also note that the property
holds for the specific definition of distance we have given above. However, other definitions of walks in hypergraphs
exist [28]. For example, one can define a walk as an ordered list of hyperedges such that the intersections of consecutive
hyperedges contain either only one or at least two nodes, yielding so-called 1-walks and 2-walks, respectively (see
Fig. 3). In this case, a different metric structure is obtained with consequent differences in the metric properties.
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Figure 4: Line graph and projection graphs. Panel (a) is an illustration of a hypergraph with 6 nodes and 4 hyperedges.
Panel (b) is a sketch of the corresponding line graph, which is isomorph to the 2-projection of its dual. Panel (c) shows
the 2-projection.

A very important concept is that of the line graph of a hypergraph. Line graphs were originally introduced by
H. Whitney in 1932 [47], and they have been studied since then under different names [48, 49, 50]. Notably, the
study of these objects and their applications has been increasingly gaining significance, especially in recent years [39,
51,52, 53, 54, 55, 56, 57]. Given a hypergraph H = (X, €), its line graph is the graph L (H) = (&, E'), where
{h,, h j} EE o hnh J # . In other words, each node of the line graph corresponds to a hyperedge, and a link in
the line graph exists if and only if the two corresponding edges in the original hypergraph are incident. The line graph
is therefore a particular type of intersection graph [57].

Finally, the dual of a hypergraph M (X, £) is the hypergraph H* = (&,£’) where &' = {h’l, R, ..., hI/XI } and

h; = {h | i € h}. Thus, each of the nodes of the dual corresponds to a hyperedge of the original graph, and a hyperedge
exists between all the nodes whose corresponding hyperedges in the original hypergraph share a node. Note that this
marks a substantial difference with respect to duals in simple graphs. In fact, in classic graph theory, duals refer to
drawings of planar graphs, whereas here the dual is effectively a different type of line graph, made possible by the
higher dimension of the hyperedges. Also, it is possible to verify that (H*)* = H up to isomorphism. Moreover, if
I (H) is the incidence matrix of M, then IT () is the incidence matrix of H*. Last, it can be shown that the line graph
of a hypergraph is isomorph to the 2-projection of its dual i.e., L (H)) = 7, (H*) (see Fig. 4).

2.2. Centrality of nodes in a hypergraph

Several types of centrality measures of nodes in higher-order networks have been introduced in the literature. A
first one consists in the extension of the eigenvector centralities used for simple graphs to the case of hypergraphs [52,
58, 59]. Specifically, Ref. [59] defines the eigenvector centrality c (i) of a node in a k-uniform hypergraph H = (X, &)
as a scalar field such that the values it takes on each node must be proportional to the sum of the values that an arbitrary
function F : R~ — R takes on all the sets of its neighbours. In formulae, one has

¢ (i) =% Y F(e(h) e (i) -

{id1s i JEE

For the particular choice of F (xl y o ,xk_l) = x| + -+ + x;_;, one recovers the classic eigenvector centrality of the
weighted projection x, (H), while if F (xl, ,xk_l) = Xy - Xp - ==+ - X;_; then one obtains the Z-eigenvector cen-
trality introduced in Ref. [52]. Other choices are also possible, such as the p-dimensional metrics F (xl, N 1) =
” (xl, R ) ”p. In all these cases, the existence and uniqueness of the centrality values can be proved by means of

the non-linear Perron-Frobenius theory [60]. Note that the above formalism can be extended to general hypergraphs
of rank R by considering a family of functions F, : R¥"! — R and using

c (i) =%Z S E(e(ih)eere (o)) -

k=2 {ij1,....jx_1 }EE

Also in this case, the same considerations about existence and uniqueness apply.
More recently, a new measure of node centrality in hypergraphs has been introduced, which is no longer a scalar
value, but a vector with dimension equal to the rank of the hypergraph minus one [46]. The procedure to calculate
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this vector centrality starts with constructing the corresponding line graph and calculating the the classic eigenvector
centrality c (h) for each of its nodes s, which correspond to the hyperedges of the original hypergraph. Then, one
defines the vector centrality of each node i as the R — 1-dimensional vector ¢; whose components are given by

Cix =

% c(h). )
{h | |hl=k, ich)

In other words, the kth component of the vector centrality of node i is the sum of the eigenvector centralities of all the

nodes of the line graph of the hypergraph that correspond to hyperedges of size k that contain i. Reference [46] shows

rigorously that this quantity is related to the classic eigenvector centrality in graphs, but it introduces a significant

added value in higher-order networks. In particular, it is able to discriminate between the roles that the same node may

play at different orders of interactions, providing information that cannot be inferred from scalar measures.

2.3. Derivative graph of a hypergraph
One of the classical methods for comparing the degree of coincidence or similarity between two sets A and B is
the Jaccard index [61], which is defined by

_|An B|

J(4.B) = |[AUB| "

3

Different generalizations of the Jaccard index have been introduced in the literature [62, 63, 64, 65, 66, 67, 68], includ-
ing the overlap index C (A, B), defined as

|A N B|

CAB)=TAB) AT 1B

Note that the values of both the Jaccard index and the overlap index are always between 0 and 1.

Recently, Ref. [37] has introduced the derivative of a hypergraph with respect to a pair of nodes i and j, a concept
that allows one to quantify the similarity of pairs of nodes in the hypergraph structure. Specifically, if H is a hypergraph
and A is its frequency matrix of relations, the derivative of H with respect to the nodes i and j is the numerical value

oH A[J—A[’j+Aj’j—A

~ Ay =24, + A
o(i,j} A '

A

b

“

ij i,j

If two nodes have disjoint stars, the derivative of the hypergraph with respect to them is defined to be co. The derivatives

of a hypergraph provide a direct comparison of the role played by two of its nodes: the smaller the derivative, the larger

the similarity between the nodes with respect to which it was computed. So, if two nodes i and j are similar, i.e., if
oH

they participate in all the same hyperedges, then FnTi 0. As an example, one can conveniently write the derivatives
of the hypergraph in panel (a) of Fig. 5 in matrix form:
0 Y, 3 1 o o
1, 0 1 2 o o
3 I 0 o 2 2
1 2 oo 0 o o™
oo o 2 o0 0 O
o o 2 oo 0 0

Note that a relationship exists between the Jaccard index of the stars of two nodes and the derivative of a hypergraph
with respect to them [38]:

TED.EG) = ——1. s)

o{i.j}

Finally, if a hypergraph has rank R one can show that if its derivative with respect to two nodes is finite, then its upper
bound is 2R — 1, which implies that !/, is a lower bound for the Jaccard index of the stars of the two nodes.
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Figure 5: Derivative of a hypergraph. By computing the derivatives of the hypergraph in panel (a) with respect to any two
pairs of nodes, one can build its derivative graph 0H, and its homogeneity graph, which are shown in panels (b) and (c),
respectively. Note that the edge between the similar nodes 5 and 6 has been contracted, “collapsing” the two nodes into
one, and that no edge is present between nodes that yield an infinite derivative.

Using the derivatives, one can build two more graphs associated to a hypergraph, namely the derivative graph 0H
and the homogeneity graph HG (H) [37]. To compute dH, first created the a fully connected graph with the same
nodes as H. Next, if the derivative of H with respect to two nodes is infinite, delete the edge between the two nodes.
Then, if the derivative with respect to two nodes is O (i.e., if the two nodes are similar in ), contract the edge between
them. Finally, assign to each remaining edge a weight equal to the derivative of H with respect to them. To build the
homogeneity graph, follow the same procedure, but give each edge the inverse of the weight it has in the derivative
graph.

2.4. Generalized Laplacians and entropy

The classic graph Laplacian is a matrix that provides an algebraic description of a graph, in that its spectral prop-
erties reveal a number of important topological features [69, 70, 71, 72]. The extension and generalization of Laplace
operators to hypergraphs and simplicial complexes has been the object of several recent studies [27, 28, 30, 45, 72, 73,
74, 75].

A first generalization can be obtained by means of the adjacency matrix A (H). Then, introducing the Laplacian

N
degree of node i as D (i) = ). A; j (see Ref. [75]), one can define the Laplaciann matrix of H as in Refs. [74, 76]
j=1

LH)=D-AMH),

where D is the diagonal matrix of the Laplacian degrees. Since L is a zero-row-sum matrix, its smallest eigenvalue
Ao = 0, which has a corresponding eigenvector whose components are all equal. Moreover, in analogy with the classic
graph Laplacian, the multiplicity of A is equal to the number of connected components of 7.

A different approach, suitable for simplicial complexes, starts from the adjacency hyper-matrix formalism described
in Section 2.1.3, see Ref. [44]. Given a simplicial complex S of dimension D with N nodes, consider its set of D
adjacency hyper-matrices A®_ with 2 < r < D + 1. Then, for each node i and for each 1 < d < D, define the

generalized d-degree of node i, kl(.d) , as the number of d-simplices it participates in:
{ N N N
@ _ 1 (d+1)
ki~ = d! Z Z Z Ai,iz,i3,...,id+l ‘
ip=liz=1 iz =1
Next, for each edge {i, j}, define its generalized d-degree k?i) as the number of d-simplices to which the edge belongs:
A® ford =1,
ij

D — : N N N
ij )X (d+1)
Va2 L X A, fr2<d <D,
Chelig=l iy =l
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Finally, define the generalized Laplacian of order d as the matrix L9 defined by

dl K if i = j,
L:ﬁ‘? ={—(d- 1)zkf.‘j.) ifi # j and A§2j) =1,
0 otherwise .

Note that if D =2, i.e., if S is a simple graph, then LW is the traditional graph Laplacian.

A related concept is that of graph entropy, first introduced by J. Korner in 1973 [77] and later extended in Ref. [30]
to quantify the amount of information carried by a hypergraph when modelling systems in different areas of science
and engineering [28, 30]. Given a hypergraph /{ on N nodes, consider the matrix

L)
N

2 D(i)
i=1

Its eigenvalues { g, py, ..., iy _y | are related to those of £, {Ag, 4y, ..., Ay_ }, by the relation

L£'H) =

A

i

Hi = N .
Y D)
i=1

N

But Z D(i) is also the trace of L, which means that it is equal to the sum of its eigenvalues. Thus, it is
i=1

4i
Hi= >
LA
i=1
which means that { Hos H1s - s MN—1 } is a discrete probability distribution. This allows one to use the eigenvalues of

L' to define the algebraic hypergraph entropy S (H) [30] as

N-1
SH) == plog, (1),
i=1

where the sum starts from 1 because the first eigenvalue is always 0. An expression of the spectral entropy specific for
simplicial complexes has been introduced in Ref. [78].
Table 1 contains a list of the major symbols that will be used along the entire report.

2.5. Models and generating algorithms

During the last years, significant progress has been made in modeling hypergraph structures. In particular, several
generating models have been introduced, among which we recall the extensions of some established static graph models
(such as random graphs [18, 23], the configuration model [44] and activity-driven models [22]), as well as growth
algorithm where random-graph models have been developed by aggregating hypergraphs or simplicial complexes as
fundamental building blocks, inspired by quantum networks [19, 79] and complex materials [80].

2.5.1. Preferential and non preferential growing mechanisms

Recently, a simple technique has also been introduced to grow hypergraphs and simplicial complexes by means of
a preferential rule, a non preferential one, or a combination thereof [21]. The method generates hypergraphs charac-
terized by a power-law scaling of their degree distribution P (k), offering full control over the distributions P (k@)
of the generalized degrees. For ease of illustration, we consider here simplicial complexes of order 2, and aim to grow
a complex of N nodes endowed with a transitivity coefficient T = 1 [81, 82]. To do so, start at time t = O with a
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H Hypergraph

X Set of nodes in H

& Set of hyperedges in H

N Number of nodes in X

h Hyperedge

| A Cardinality of a hyperedge

deg,, (i) Degree of node i in the hypergraph H
Ay, Largest degree amongst the nodes in H
dy, (i, j) Distance between two nodes; i and j in H
S Simplicial complex

d—simplex Simplex of order d, 1 <d < D

B(H) Bipartite graph

I(H) Incidence matrix

A(H) Adjacency matrix of the hypergraph

R, rank(H) Rank

H* Dual of a hypergraph

c(i) Eigenvector centrality of a node i in a hypergraph H
L Laplacian matrix

kf.d) Generalized d-degree of a node i

kl(.fi.) Generalized d-degree of an edge {i,j}
E(Id) Generalized Laplacian of order d

S(H) Algebraic hypergraph entropy

P(k) Degree distribution

Table 1
List of the major symbols used in this report.

seed consisting of a clique of size Ny < N. At each subsequent time step m,; edges are selected randomly, with the
condition that no pair of chosen edges have a node in common. Then, a new node is added to the graph, and new edges
are placed between the new node and the 2m,,; nodes located at the ends of the selected edges, thus generating m,;
new triangles. If the edges are selected uniformly at random, then the probability of choosing any edge at time ¢

1

P()= .
No(No—1
% +2my; (t—1)
If, instead, the edges are chosen according to a preferential-attachment rule, then the probability of selecting edge {i, j }
at time 7 is proportional to the number of triangles that the edge is part of in that moment:
2k
ij
P ;@)= N—(g) )
Z k,', j

1,j=1

M=

where the factor of 2 accounts for the double-counting in the denominator.

Figures 6a and 6¢ show the degree distribution for complexes of size N = 10° generated in the two ways. In
both cases, one can observe a clear power-law scaling, as also found in the majority of real-world networks [4, 5, 6,
84, 85, 86, 87, 88]. Figures 6b and 6d are visualizations of typical complexes generated using the two mechanisms
with N = 200 and m; = 1. Figure 7 shows the distribution P (k®) of the generalized degree k) for the two
cases. Comparing the two panels of the figure one can see that P (k(z)) decays exponentially if the complex is grown
without preferential attachment, whereas it scales as a power-law for preferential attachment. This implies that the two
mechanisms yield substantially different topologies of 2-simplices to the resulting complexes.

Reference [21] also provides rigorous expressions for P (k) and P (k®). In the case of no preferential attachment,
by indicating the number of nodes of degree k at time ¢ with N (k, t), one can write down the rate equation

thri
AN (k,t)= o——[-kN (k,) + (k= 1) N (k= 1,0)]+ 640, . >
) = gy kN G0+ (= DN (k= 1) + 5o,
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Figure 6: Preferential and non-preferential models for the growth of hypernetworks. The non-preferential model (panels a
and b) and the preferential-attachment model (panels ¢ and d). Panels a and c show logarithmic plots of the degree
distribution P (k) for different values of m,;. The data are averaged over 100 realizations of complexes with N = 10°. The
dashed are to the analytical predictions given by Eqgs. (6) and (8). Panels b and d show visualizations of two complexes
generated with the described mechanisms N = 200 and m,; = 1. The size of the nodes is proportional to 50 times the

square root of their eigenvector centrality [83], the width of each link is proportional to ,/kij and the color of the links

relates to the number of triangles. Figure reprinted from Ref. [21].
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Figure 7: The difference in scaling between non-preferential and preferential-attachment growth. Panel a shows the
distribution of P (k®) vs. k@ obtained by growing complexes with 10* nodes with the non-preferential model. Panel b
shows the same distribution for complexes grown with preferential attachment. Results are averaged over 100 realizations.
The dashed lines are the solutions of Eq. (7) (panel a) and of Eq. (9) (panel b). For the sake of consistency note that k;
in the axis of this figure corresponds to k® in our notation. Figure reprinted from Ref. [21].

where AN (k,t) = N (k,t+ 1) — N (k,t) and 6 is the Kronecker symbol. Asymptotically, the number of nodes for
large t is N () =~ t, and one seeks a solution of the form N (k,t) = tP (k), where P (k) is the steady-state distribution.
Also, since the total number of edges is approximately 2m,;t, one has Y, kN (k,t) &~ 4m;t. Then, the rate equation
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becomes

k-1
P(k) = k_+2P(k - 1) + k_-|-25k‘2mm.

The solution of this equation for k > 2m,; is

P _Amy (2my +1) 3 .
IR ©

which fits the data remarkably well (see Fig. 6).
A similar procedure can be followed to obtain the asymptotic distribution P (k®). One first considers the number
of edges participating in k® triangles at time ¢, N, (k(z), t), and then writes down its rate equation as

N, (k@,1) N, (k® —1,1)

2
ANG (k( )7 t) = —mtri N (t) + mm N ([)
e e

+ me(sk(z),l +...,

where N, () & 2m,,;t and the unwritten terms account for the formation of triangles from two or more linked edges.
Moreover, one has that P (k@) = N, (k®,1) /N, (1), and the recursive equation is

P (k?) = %P (kP —1,1) + %5,((2),1 :
which admits the solution

2
@) =
P (k) = 3@ (7
The exponential scaling predicted by Eq. (7) is illustrated in Fig. 7a.

If using preferential attachment to select the edges, the analytical treatment is more involved, but it is possible to
prove that the closed form for the degree distribution is

5 T(5)r(mg+25)

= ~ k72, ®)
3+ 2my; - (myi) T (% + 2,5)

P (k)

where I' is the gamma function [21]. Furthermore, the closed form for P (k@) is

JIo)
3vr/-1 3 4 —4
P(k®)=2 == ~ (KDY 9
() 4 g I+3  4k@DkD + 1) (kD +2)(k@ + 3) (k%) ©)

The predictions of Eq. (8) are verified very well by the results of numerical simulations (see Fig. 6¢), as are those
of Eq. (9) (see Fig. 7b).

2.5.2. Generating hypernetworks with desired power-law scaling properties

The generating algorithm can be generalized to a mixed model, through which it is possible to impose any desired
power-law scaling in the triangular structure of the network. This is done by fixing the edge-selection probability at
time 7 to be

4 3k
P.(H=A +B i
1,] N >

N N @
igl deg (i) Z Z k,',j

for some constants A and B. The requirements of normalization and well-definedness of the distribution P, ; (r) lead
to the bounds —1 < A < !/, and 0 < B < 2, and to the condition A = !/, —3/,B. The cases A = 0, B = ?/5 and
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Figure 8: The mixed model. Distributions of degrees (panels a, b and c¢) and generalized degrees (panels d, e and f) in
complexes grown with the mixed model for different values of B. The data (blue lines) are averages over 100 different
realizations of 50000 nodes each. The dotted lines show the scaling with the exponents predicted by Eq. (10). For the sake
of consistency note that k; in the axis of this figure corresponds to k® in our notation. Figure reprinted from Ref. [21].

A =1/,, B = 0 recover the preferential and non-preferential models, respectively. With this formalism, complexes

_,0
generated with strictly positive values of B display scale-free distributions P (k) ~ k™ and P (k®) ~ k@77 with
exponents given by

=1+ 1 =1+ 4
rE T A YBT T 2+B 10
2) 1 2 )
=1+ =.
v B

For B = 0, instead, one has P (k@) =2/ 3% Equation (10) implies that the values of y lie between 2 (B = 2) and 3
(B = 0), whereas y® is equal to 2 for B = 2, and diverges as B goes to 0. In turn, this means that by choosing B to be
between 1 and 2, one can arbitrarily obtain values of y and y® between 2 and 3. Figure 8 shows the (generalized) degree
distributions for three distinct values of B, illustrating that the analytic predictions well approximate the numerically
generated data. Finally, Ref. [21] also discusses how this generating algorithm can be extended to general hypergraphs
and simplicial complexes of any dimension.

3. Dynamical Processes in networks with higher-order interactions

The use of networks to model structures that support dynamical processes can be traced back to the very birth
of graph theory. In fact, the problem of the existence of Eulerian trails in a graph inherently includes the idea of
traversing its structure, and of doing so in a very specific way. As we bring the abstraction to the next level, a network
no longer has to support an actual physical motion, but it can be taken to simply represent relations of some given
nature between elements whose state is a dynamical variable. In this case, the nodes can influence each other if they
share an edge, whose strength represents the local intensity of a mutual or directed interaction. It has to be furthermore
remarked that the state space of the nodes is not constrained to be continuous. Thus, it is easy to understand how the
network paradigm has obtained numerous successes in modelling situations in which the discrete condition of a node
can propagate to its neighbours under many possible sets of rules. A typical example of such a process is the spreading
of a disease from an infected individual to a susceptible neighbour. Indeed, epidemic spreading is one of the topics
that Network Science has contributed most to shed light upon. More generally, this is an instance of a contact process,
in which the change in the state of a node is only enabled by the direct influence of its immediate neighbours. Below,
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we review how our understanding of such processes has benefited from considering interactions beyond the pairwise
level, touching upon epidemic spreading, as well as models of opinion formation, social contagion, and games.

3.1. Spreading processes

The initial realization that higher-order interactions play a significant role in numerous complex systems did not
occur, strictly speaking, in the very near past. However, explicitly accounting for them within models and their re-
lated mathematical treatment is a fairly recent development. Some of the first steps in this direction were taken by a
number of mathematical epidemiologists, who studied the transmission of infectious diseases within household envi-
ronments [89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99]. This setting consists of networks that include local close-contact
neighbourhoods, which, despite their name, can represent not just actual households, but any other similar environ-
ment, such as workplaces, gyms, clubs or, in general, locations where people spend a non-negligible amount of time
in close proximity to each other. These studies were quite successful in introducing methods that could both replicate
real-world data and provide suggestions as to the strategies best suited for the containment of epidemics, for example
via targeted vaccination campaigns and lockdowns [100, 101].

3.1.1. Spreading of epidemics

Classic epidemic studies can be traced back to the work of Kermack and McKendrick [102]. In their basic in-
carnation, epidemic models group individual in compartments, assuming that individuals can be susceptible (they are
healthy and can be infected), infectious (they are infected and can transmit the disease), or recovered (they are healed
and immunized). In Susceptible-Infected-Susceptible (SIS) models, a susceptible agent can get the disease and be-
come infectious, to then possibly heal and become susceptible again, whereas in Susceptible-Infected-Removed (SIR)
models, when an infectious individual recovers, it becomes immune to the disease. The simplest epidemic models
assume homogeneous mixing, whereby any individual can interact with any other, and contagion takes place with a
given probability. Under this simplifying assumption, it was possible to show the existence of a threshold below which
the epidemics dies out.

Network models of epidemic spreading dropped this assumption of homogeneous mixing, and considered that the
interaction of the individuals takes place over a graph. In this setting, contagion was considered as the result of pairwise
interactions between the individuals. In the context of epidemics, network science was able to show how the epidemic
threshold may change, and possibly disappear, depending on the topological properties of the network, and brought
the use of contagion models beyond the classic field of epidemic spreading, see e.g., Ref. [103, 104] and references
therein.

However, it is to be noted that, whilst still being foundational works in their own right, such first, seminal articles
included the contributions of the household structure in a way that did not directly account for the synergistic effects
of multiple exposures, thus substantially reducing the problem to a traditional pairwise network approach.

The first work that, instead, explicitly considered higher-order interactions is that of Bod6 and collaborators [105],
who studied a SIS model on hypergraphs. Their use of generic hypergraphs allowed them to naturally consider the
occurrence of pairwise interactions together with that of higher-order ones, providing at the same time a straightforward
way to account for the household structure of a network and to include a degree of control over it. In their work, they
assumed that the probabilities of changing state, i.e., of contracting an infection or of recovering from one and becoming
again susceptible, are very small. More specifically, given a time interval At, they expressed the probabilities of node i
changing state within that interval as 1 — e 74’ and 1 — e™"iA" where y, and r; are the recovery and infection rates,
respectively. The peculiarity of the model is that, whilst y; is a fixed parameter, r; is given by

ri=1) f(kn) . (11)

hai

where 7 is a proportionality constant, the sum is over all the hyperedges A that include node i, k;, is the number of
infected nodes in the hyperedge &, and f is an arbitrarily chosen function of k. At variance with previous works,
the Authors’ choice for f is that of a piecewise linear function that is the identity up to a threshold ¢, from where it
then stays constant. Thus, rather than considering the existence of a minimum value of infected neighbours that allows
an infection to occur, they modelled the infection rate as having no threshold, but saturating at a critical amount of
exposure. A key result from the simulations of the model is that the size of the infection is generally smaller than or
equal to the one observed in the pairwise network obtained by replacing all edges of order greater than 2 with cliques.
This is particularly true for household models, where the equality is reached when the saturation threshold equals
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Figure 9: Presence of a phase transition in the CP transmission mechanism of information on k-uniform linear hypergraphs.
If the infection probability g is smaller than a critical value, the fraction p of infected nodes at steady state vanishes. The
structural parameter m, is equal to k — 1. Note that the structures corresponding to m; = 1 are simply random trees.
Figure reprinted from Ref. [107], (©) 2018 with permission from Elsevier.

the greatest household size. Moreover, the effect of higher-order edges is more pronounced in the early stages of the
infection, as it is clearly illustrated by the simulation results on the preferential attachment hypergraphs reported in
Fig. 3 of Ref. [105].

3.1.2. Spreading of information

As already mentioned, the dynamical features of contact spreading processes are, in fact, general. Therefore,
the same framework used to study disease spreading can actually be employed to model the spread of information.
With this in mind, Ma and Guo considered a SIR model on hypergraphs [106]. In their vision, infected nodes are
“spreaders” of some rumour or piece of information, whereas susceptible nodes are “ignorant” with respect to it and
recovered nodes are “stiflers”, as they are unwilling or unable to further its propagation. Then, hyperedges represent
local communities in a network, such as social circles that form naturally within the hierarchical structure of a com-
mercial company. On this kind of network, they considered four different spreading mechanisms, which they called
the probability transmission, the one-way transmission, the group transmission and the gossip transmission. Of these,
the probability transmission is the classic spreading mechanism, in that all ignorant (susceptible) neighbours of each
spreader (infected) node can become knowledgeable of the rumour (infected) with a given probability. The other three,
instead, assume certainty of spreading but interpolate the number of neighbours of a spreader that become infected
at every step, from just 1 in the one-way transmission to all neighbours in the gossip one. Analysis of these four
mechanisms shows that, within the expected qualitative differences, high-degree nodes have a large importance for the
spreading process, suggesting that they be the main target of control measures if the propagation has to be stopped.

In a somewhat similar manner, Suo et al. considered a SIS model for information spreading on linear k-uniform
hypergraphs [107]. Note that these are a particular type of hypergraph in which all edges connect exactly k nodes, and
any two edges have at most 1 node in common. On these structures, they considered two transmission mechanisms,
which they called the reactive process (RP) and the contact process (CP). The former is effectively identical to the
probability transmission of Ref. [106], whereas in the latter the infected nodes spread the information to all susceptible
nodes within an edge randomly selected among those incident to them. With these governing rules, they found that
structural differences only affect the initial stages of the spreading process, and, similarly to the results of Ref. [106],
high-degree nodes are the fastest information spreaders. Their main finding is that the two transmission mechanisms
result in different steady-state behaviours. More specifically, the CP features a continuous phase transition in the
transmission probability f, so that the number of informed individuals vanishes in the steady state if f# is smaller than
a critical value (see Fig. 9).

Note that, unlike the model of Ref. [105], the dynamics in those of Refs. [106] and [107] are not affected by the
higher order of the edges in the hypergraph, which only acts as a supporting structure. Thus, the results found in these
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Figure 10: Switch in phase transition order in the SIS model on simplicial complexes. The results for 4, = (d;)%/, =0
(blue circles) are equivalent to a traditional SIS model on graphs. As 4, is increased to 0.8 (black triangles), the fraction of
infected nodes in the endemic state becomes larger and the curve becomes steeper, but with an unchanged critical point.
Finally, as 4, is brought to 2 (orange squares), the transition becomes first-order-like and a hysteresis cycle appears.
Figure adapted from Ref. [23].

cases should be the same as those obtained by replacing hyperedges with cliques. Also note that, when operating this
substitution on a linear hypergraph, one effectively obtains a locally treelike household network.

3.1.3. Phase transitions

A related model, which also features interesting phase transition behaviour, is that proposed in Ref. [23], where the
Authors considered a SIS process on simplicial complexes. As discussed in the previous Chapter, simplicial complexes
are a special type of hypergraphs in which the presence of a hyperedge of size k implies the existence of all possible
hyperedges of all sizes smaller than k on the same nodes. So, for example, if the hyperedge of size 3 (v, vy, v3) is
present, then also the edges (vy, v,), (v, v3) and (v,, v3) are part of the hypergraph. From a functional point of view,
this means that if a certain k-body interaction exists between k elements of the system, then all other possible lower-
order interactions between the same elements also exist, all the way down to pairwise ones. Note that, structurally, this
implies that simple simplicial complexes are linear hypergraphs. The reason is that two edges of the same size can have
at most 1 node in common, because if they had more than one, this would result in multiple edges at the lower orders
of interaction. For instance, if the edges (v;, vy, v3) and (v,, U3, v,) existed, the edge (v,, v3) would occur twice, once
induced by (v}, vy, v3) and once induced by (v,, v3, v4). Thus, simple simplicial complexes form a subset of linear
hypergraphs. On these particular structures, the Authors considered an infection process in which a susceptible node
can become infected if it participates in a hyperedge where all other nodes are already infected. The infectivity rates
Py are in general different between hyperedge sizes, whereas the rate of recovery u is constant for all nodes. Indicating
with (d, ) the average degree of the nodes computed on hyperedges of size k, an endemic steady state appears for high
enough values of the 2-body rescaled infectivity A, = (d,) f,/u. The main result is that higher-order infectivities act as
control parameters for the nature of this phase transition. In fact, even if one only considers up to 3-body interactions, a
larger f5 first increases the density of infected nodes in the endemic state, and then it changes the order of the transition
itself, making it switch from continuous to first-order, as it can be seen in Fig. 10, where the steady state fraction of
infected nodes p* as a function of 4, is plotted for different values of A; = (d3)f5/u.

To explain these results, the Authors developed a mean-field theory, writing the evolution equation for the fraction
p of infected nodes as

K
PO =—up )+ Y B (dy /D1 =p 0], (12)
k=1

where K is the largest size of hyperedges present in the simplicial complex. Numerical solutions of this equation
reproduce the model simulations rather closely, providing a way to quickly estimate the critical behaviour of the model
and its steady state.

The requirement of the structure being a simplicial complex was removed by the Authors of Ref. [108], who
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Figure 11: Appearance of epidemic waves in the simplicial SIRS model. A quenched mean-field treatment predicts the
recurrence in time of a substantial number of infections in a simplicial complex with up to 3-body interactions. For this
figure, the nodes have average pairwise degree 6 and each form on average 6.645 3-body interactions, with infection

probability 0.5, recovery probability 0.9, probability of becoming susceptible again of 0.01 and 3-body enhancement factor
of 88. Figure reprinted from Ref. [109], (©) 2021 with permission from AIP Publishing.

effectively extended the previous model to the case of scale-free k-uniform hypergraphs, in which the probability that
a random node has degree d is proportional to d 7. To describe the behaviour of the SIS model on such structures,
they employed a heterogeneous mean-field theory, starting by expressing the evolution of the fraction of infected nodes
with degree d, p,;, as

pa(6)=—ppy (1) + PO [1 = p(0)] (13)

where f = f;, and O is the joint probability that a node in a randomly chosen edge has degree d and is infected. The
similarity between Eqs. (12) and (13) is evident, with the main difference being the absence of the sum over hyperedge
sizes in Eq. (13) which, in turn, is due to the fact that once the requirement of using simplicial complexes is removed
one does not have to consider all lower-order interactions together with a k-body one. Solving Eq. (13) by a self-
consistent approach, one finds the existence of a critical value of the power-law exponent of the degree distribution
Ve =2+ (k- D~!, which yields three distinct regimes. For y < y,, the epidemic threshold in the control parameter
n="> . disappears, n = 0 is effectively a critical point, and an endemic steady state always exists for any 7 > 0. When
Y = 7., the theory predicts the presence of an epidemic threshold at

_ k-1
= miin{ld(i)} <k7r 1 Sin(k:rl>) '

Finally, for y > y,., one finds a hybrid transition with increasing values of #,.

A further model sharing similarities with that of Ref. [23] is presented in Ref. [110]. The main difference is that
for a node to become infected in the model of Ref. [110], one does not need it to participate in a hyperedge where all
other nodes are already infected. Rather, contagion can occur if the number of neighbours already infected is greater
than an arbitrary threshold. Qualitatively, the behaviour of the model is fairly similar to that of Ref. [108], in that it
presents both continuous and discontinuous phase transitions. However, the specific values of quantities of interest
can vary significantly with the details of the structure considered. To illustrate this point, the Authors studied two
extreme cases, namely that of a random regular graph with the addition of a hyperedge containing all the nodes, which
they term a “hyperblob”, and that of a star graph with the addition of a hyperedge containing all the nodes, which
they call a “hyperstar”. These cases are analytically solvable, and show that the dynamics has important differences
between them, such as the hyperstar admitting a vanishing critical infection rate for the lower branch of the solution
in the first-order transition regime. Also, the model provides a possible explanation of the large variability observed
in real-world studies that reported substantial differences in the size of the critical mass needed to move a system out
of an equilibrium state. In fact, these differences could be explained as being simply an expression of another key
phenomenological feature of the model, which is the presence of bistability. This coexistence of states that appears for

S. Boccaletti et al.: Preprint submitted to Elsevier Page 20 of 74



The structure and dynamics of networks

0.8 1

0.6 1

0.4 1

0.2 1

0.0 I

107 107° 107
B
Figure 12: First-order transitions in simplicial contagion. In a simplicial complex where the nodes have average pairwise
degree 12 and each form on average 5 3-body interactions, with recovery probability 0.2 and 3-body infection probability 0.1,

the fraction of infected nodes at steady state features a hysteresis cycle controlled by the pairwise infection probability §.
Figure reprinted from Ref. [111].

particular choices of the parameters remains also when the model is extended to include a recovered state from where
one can become susceptible again. In fact, Wang and collaborators studied a type of Susceptible-Infected-Recovered-
Susceptible (SIRS) model on simplicial complexes, and found that the phenomenology is effectively the same as that
of SIS models [109]. The main difference, due to the presence of the extra state, is the appearance of limit cycles,
which reproduce periodic epidemic waves as often observed in actual outbreaks (see Fig. 11).

A theoretical approach to study the rich phenomenology of this latter model is offered in Ref. [111]. There, the
Authors extended the microscopic Markov Chain approach and the epidemic link equations to simplicial complexes
with up to 3-body interactions. The resulting equations, made treatable via moment-closure approximations, reproduce
some of the already mentioned phenomenology, including the appearance of first-order transitions (as seen in Fig. 12).

However, the nature itself of the approach makes it unsuitable to precisely compute the transition points. To
circumvent this problem, the Authors of Ref. [112] introduced a new formalism, based on decomposing a simplicial
complex into a set of edge-disjoint cliques, on which the microscopic epidemic equations were expressed. The use
of this approach shows that the dependence of the critical point from the strength of the higher-order interactions is
mediated by the higher-order dynamical correlations, making it not amenable to be estimated via mean-field methods.

An alternative approach is offered in Ref. [113], where the Authors focused on studying the transitions that simpli-
cial epidemic models have between disease-free, bistable and endemic states. Using linear dynamical systems theory,
they established rigorous conditions for the asymptotic behaviour of the models and showed that bistability is a direct
consequence of the presence of higher-order interactions.

A more general theoretical treatment is presented in Ref. [114], in terms of a mean-field theory applicable to actual
hypergraphs, and not only simplicial complexes. The Authors illustrated the applicability of their method considering
the two specific limiting cases of collective contagion, in which a node can become infected only if all the other
participants in a hyperedge are infected (as in Ref. [23]), and individual contagion, in which a node only needs one
other infected node in a shared hyperedge to have the possibility of becoming infected (as in Ref. [110] with a threshold
of 1). Their approach can also work in intermediate cases, thereby fully accounting for the model of Ref. [110]. The
main result is an estimate of the competition between contagions happening on hyperedges of different order. In fact,
even when considering only pairwise and 3-body interactions, they found that having a heterogeneous distribution
of the pairwise degrees suppresses the occurrence of first-order transitions, whereas a heterogeneous distribution of
higher-order degrees promotes them. Moreover, the method lends itself well to explaining particularly complex cases
such as the “hipster effect”, which causes trends to be rejected via group dynamics but accepted via pairwise peer
pressure.

Further generalizations were studied by Higham and de Kergorlay, who considered both the deterministic and the
stochastic SIS model on hypergraphs with nonlinear infection rates [115]. In this work, they established a spectral
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condition for the disease-free state to be asymptotically stable. Specifically, the condition is
B
AW)e=<1, (14)
U

where f is the strength of the infectious interactions, u is the recovery rate and ¢ is a constant that is determined by
the infection function used. Also, W = IIT is the frequency matrix of relations, where I is the incidence matrix of
the hypergraph, and A (W) is its largest eigenvalue. Note that each element W ; is just the number of hyperedges
in which nodes i and j appear together. This means that the condition in Eq. (14) does not depend explicitly on the
specific size of the edges that link node pairs. Moreover, since W is a matrix, the interactions that are accounted for
are only pairwise ones, even though they are implicitly weighted by the possible belonging of pairs of nodes to edges
of different size. Also, if one considers a simple graph with adjacency matrix A as the structure that supports the
epidemic, the condition reduces to the well-known expression

A(A)£<l.
H

Thus, it can be said that Ref. [115] provides the first mathematically rigorous proof of the extinction condition for SIS
epidemics on simple graphs.

Along the same lines, St-Onge and collaborators explored different means to explicitly account for nonlinearity
in the transmission of a disease. In Ref. [116], they introduced an explicit nonlinear integral kernel to express the
probability that a node becomes infected if it belongs to an environment of a given size in which a specific frac-
tion of neighbours are already infected. Their application of the nonlinear kernel to hypergraph structures exploits a
degree-based mean-field approach, and its results reproduce some of the features already observed in other models.
In particular, first-order transitions and bistable regimes appear when the dependence of the infection probability on
the local infected fraction is superlinear. Also, in the same regimes, the epidemic can grow super-exponentially if the
global fraction of infected nodes becomes large enough.

In Ref. [117], the Authors instead adopted a different strategy, developing approximate master equations based on
mean-field infection rates. With this formalism, they showed that the third moment of the hyperdegree distribution
controls the possibility of having a discontinuous transition. In fact, they found that a first-order transition is only
possible, in the thermodynamic limit, if the third moment of the distribution is finite. So, for example, if the degrees
are power-law-distributed, first-order transitions can only occur when the power-law exponent is greater than 4. The
behaviour of the epidemic is also affected by the heterogeneity of edge sizes. In this case, heterogeneous edge-size
distributions cause the disease to become endemic within edges of the largest sizes, which then act as reservoirs of
infection and, in turn, inhibit bistability.

Whenever one studies epidemics, a question that arises naturally is how best to stop or slow down the spread of the
disease. When the structure considered is that of a hypergraph, Jhun introduced a new strategy and extended existing
ones based on simple graphs [118]. More specifically, they introduced a measure of the importance of each edge for
the propagation of the disease, which they called “simultaneous infection probability” (SIP). They estimated the SIP
via an individual-based mean-field theory, and showed that vaccinating the nodes within an edge in decreasing order
of SIP is a highly effective strategy that can achieve low thresholds for herd immunity. Also, they generalized the edge
eigenscore of graphs to k-uniform hypergraphs, starting from the H-eigenvectors, which are defined as the vectors v
whose elements v;, obey the equation

N
_ k-1
Z Aj g,y Vi Vis = Ui = /IU,»I )
inyigse i =1

where A is the adjacency tensor of the hypergraph. Then, given a hyperedge (i}, i,,...,i;), they defined its H-
eigenscore as the product Ufl U;kz U;kk, where v* is the H-eigenvector corresponding to the largest eigenvalue A. An
edge vaccination strategy based on the H-eigenscore is also very effective, even though, of course, it can only be applied
to uniform hypergraphs.

3.1.4. Time varying and adaptive hypernetworks
All the models discussed so far consider networks whose structures are fixed in time. However, in real-world
systems, links can often be created or destroyed, leading to networks that, over time, become significantly different from
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Figure 13: The long-term behavior of the return-time probability is affected by the order of the interactions. The blue line
corresponds to O-simplices, the orange dashed line to 1-simplices, the yellow dotted line to 2-simplices and the purple dot-
and-dash line to 3-simplices. The data shown are for NGF simplicial complexes of 2000 nodes, with maximum dimension 3
and flavor parameter —1. Figure adapted from Ref. [124].

their past states [119]. To capture the effect of temporal variability on epidemic spreading, the Authors of Ref. [120]
extended the model of Ref. [23] studying simplicial complexes with up to 3-body interactions, as in Ref. [111]. The
main finding is that if the structure of the complexes is randomized at every time step, so that both the pairwise edges
and the 3-body ones are placed according to an Erd6s-Rényi-like process, then the early onset of epidemics disappears,
and the only control parameter remains the pairwise infectivity, regardless of the initial infection seed and of the 3-
body infectivity. Similarly, tuning the temporal correlations between explored structures, they found that the simplicial
effects are stronger for lower correlations and weaker for higher ones.

Whilst the spreading of diseases is a typical phenomenon that is modelled on networks with pairwise and higher-
order interactions, it remains a specific instance of a possibly more general group of processes, in which the state of a
node diffuses to its neighbours. A first study of this kind is due to Wang and collaborators, who introduced a model
of information diffusion on an adaptive hypergraph, with several parameters designed to mimic group interactions
in a collaborative environment [121]. Later, Peng and co-Authors developed a statistical framework to explicitly
model the same kind of environment, using a hypergraph representation of multilayer networks [122]. In general, such
diffusive processes depend on some difference between the states of the nodes involved. As such, their mathematical
formulation involves Laplacian operators. It becomes then very important to find generalizations of the traditional
graph Laplacian to higher-order structures, and to study how they affect diffusive dynamics on hypergraphs. For the
case of simplicial complexes, one possible generalization is based on their incidence matrices. Specifically, if Iy is
the k-th-order incidence matrix, whose rows correspond to simplices of order k — 1 and whose columns correspond to
simplices of order k, then the k-th-order Laplacian is [123]

Lig = Ing 'Tig + ey Iy - (15)

With this formalism, Torres and Bianconi [ 124] investigated higher-order diffusion on the so-called “network geometry
with flavor” (NGF) model of simplicial complexes [125, 126]. Studying the properties of the simplicial Laplacians,
they found that the dynamics is strongly affected by the spectral dimension of the second term in the right-hand side
of Eq. (15). In fact, the estimate of the return-time probability for the dynamics changes significantly with the order
of the interactions considered, converging to a definite value for dyadic interactions, but decaying as a power-law for
higher-order ones (see Fig. 13).

Generalization of such treatments to hypergraphs are still in their infancy, mainly due to the inherent difficulty of
defining a Laplacian operator on hypergraphs. The principal works in this direction are due to Chen and collabora-
tors [127, 128, 129] and to Jost and Mulas [130], who offered the first rigorous and methodic study of a hypergraph
Laplacian. Nonetheless, particular features of dynamical processes, such as their linear stability, can be assessed in
the vicinity of fixed points of the dynamics without necessarily having to resort to a full tensorial formalism, as shown
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by Arruda and collaborators, who developed a framework to carry out this type of analyses and demonstrated its use
in studying social contagion and diffusion on hypergraphs [131].

3.2. Social contagion

The notion of contagion went beyond its original meaning in epidemics to describe a vast range of processes that
spread among individuals, including the diffusion of political opinions, financial decision, and the adoptions of new
products and technologies [132]. These phenomena of social contagion are rather important, and in several cases they
cannot be described in terms of pairwise interactions. For instance, there are several ways in which individuals can
be convinced to adopt a given product. Individuals may be persuaded by means of successive pairwise interactions
with their neighbors. However, an alternative and conceptually different contagion mechanism is peer-pressure: the
individual might be part of a social group with more than two members, where the other group members are all adopters.
In this case, contagion takes place through multi-body interactions, which need to be represented by a higher-order
structure like a hypergraph or a simplicial complex, in place of the standard network representation that only considers
pairwise interactions.

3.2.1. Contagion in hypernetworks and simplicial complexes

Tacopini et al. [23] have proposed a model that combines stochastic processes of simple contagion, which could be
expressed through pairwise interactions, with the complex contagion dynamics taking place through group interactions.
The simplicial complex describing both types of interactions is an extensions of the classic SIS model. Each of the
N vertices of the simplicial complex has a binary state x;(¢), with 0 and 1 corresponding to the i-th individual being
susceptible or infectious, respectively. The Authors associate an order parameter p(¢) to the system, which corresponds
to the fraction of infectious nodes at time .

The process of contagion happens over the simplex ¢ of dimension D, and is defined by a set of control parameters
p1, ..., Pp. Note that f; corresponds to the standard infection probability in pairwise interactions, which corresponds
to the probability per unit time that a susceptible node i gets the infection from an infectious neighbor j, that is, through
the link (7, j). In the same fashion, g, will be the probability per unit time that node i receives the infection from a “full”
triangle, that is, a 2-simplex (i, j, k) in which both j and k are infectious, and so on for f, ..., fp. In general, given a
susceptible node that is part of a simplex of n + 1 nodes where all other nodes are infectious, it will become infectious
with probability per unit time equal to §,. The recovery dynamics are instead driven by the (node-independent) recovery
probability u.

The Authors simulated this higher-order SIS contagion dynamics on datasets of face-to-face interactions from the
SocioPatterns collaboration [133], where a simplex of dimension 2 was reconstructed. It was observed that, for cer-
tain selections of the infectivity rates, a hysteretic behavior may appear and, at variance with the standard SIS model,
an endemic state may coexist with a healthy one. In this region of parameters, the final, emergent state will depend
on the initial density of infectious nodes. This emerging phenomenon, confirmed in simulations on synthetic simpli-
cial complexes, is explained through a mean field description of the model, under the assumption of a homogeneous
mixing [104]. Namely, the evolution of the density of infected nodes p(¢) is shown to follow this general equation:

D
p(t) = —up(D) + ., By )p” (1 = p(1)), (16)
d=1

where (k) is the average number of d-dimensional simplices incident at a node of the simplicial complex. Using this
approach, the Authors were able to correctly predict the nature of the observed transitions.

When the assumption of homogeneous mixing is not tenable, alternative approaches have to be employed in order
to make accurate predictions. Matamalas et al. in Ref. [111] focused their analysis on the case of 1 and 2-simplices,
and have shown that both the epidemic link equations (ELE) of Ref. [134] and the microscopic Markov chain approach
of Ref. [135] (MMCA) yielded an improved predictions on the prevalence and critical point, with the first method
providing the best accuracy. More specifically, the MMCA allows one to define the following set of N discrete-time
equations that describe the evolution of the probability p; that a node is infected

pit+ 1) =[1=p®OI[1 =g (g 2(O] + p;O)(1 — p), a7

where ¢; ;(¢) and g; ,(¢) are the probability that node i is not infected at time ¢ through any pairwise or three-wise
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Figure 14: Infected nodes as a function of f,. Stationary density of infected nodes as a function of g, in the SIS model over
a random 2-dimensional simplicial complex of N = 2000 nodes, with recovery probability 4 = 0.2. The hypergraph has an
average number of edges (k,) and triangles (k,) incident at a node equal to 12 and 5, respectively. Panel (a) corresponds
to B, = 0, whereas panel (b) to f, = 0.1. Solid dots correspond to Monte Carlo simulations obtained through the quasi
stationary approach, whereas solid, dashed, and dotted lines corresponds to analytical computations using ELE, MMCA,
and the mean-field approximation, respectively. Figure adapted from Ref. [111].

interaction, respectively, that is,

g0 =[] =8p;). a0 = T] A= Bop;Opi0)). (18)

i€} jlee?

with Sid being the set of d-simplices containing node i. Equation (17) is based on the mean field approximation that
the probability that a node is infected by one neighbor is independent of the probability of being infected by any other
neighbor. However, the presence of a three-body infection mechanism makes this assumption less tenable, and induced
the Authors to adopt the ELE method to appropriately adjust the computations of g; ;(¢) and g; 5(¢). The benefits for
using this method are illustrated in Fig. 14, which shows how the tipping point for §; to an endemic state is better
estimated through the ELE method.

As already mentioned in Section 3.1.2, Ref. [112] sought for a more general method that can be adopted to study
social contagion on simplicial complexes of any order. Specifically, the Authors took into account the higher-order
dynamical correlation that takes place in a d-simplex, which induces the presence of d + 1 clique in the graphs.
They observed that when two or more cliques were sharing m > 2 nodes, then care should be put in computing the
contribution to the infection of one of these m nodes of the other m— 1 nodes, to avoid overcounting it. Toward this goal,
Burgio et al. sought for the minimal set of edge-disjoint cliques (so that any pair of cliques only shared at most one
node) cover of the underlying graph of the simplicial complex. However, since this problem is NP-hard, they proposed
a heuristic to identify such a minimal cover set. Building on this heuristic, the Authors developed the Microscopic
Epidemic Clique Equation (MECLE) model that accounts for the correlations among states of the nodes belonging to
the same clique, yielding a more accurate prediction of both the prevalence and of the critical point, that is, the critical
value ﬂfr of the edge infection probability f; at which the epidemic-free state become unstable.

To numerically demonstrate this finding, the Authors generated different 2-dimensional simplicial complexes from
graphs. Namely, starting from a given graph model, they computed its edge-disjoint clique cover and converted 3-
cliques in 2-faces. A such generated simplicial complex is identified by adding a ‘SC’ to the name of the graph model
used for it. Figure 15 shows that, for each of the four simplicial complexes, the Microscopic Epidemic Clique Equation
(MECLE) model best approximates the prevalence and the critical value ﬁfr with respect to alternative analytical
methods.

Li et al. in Ref. [24] focused their analysis on the different time-scales at which contagion happens in the presence
of higher-order interaction. This can be explained focusing for instance on the case of pairwise and three-body conta-
gion. At the onset of the spreading, the contagion mainly happens through pairwise interaction, and therefore is mainly
influenced by the pairwise infection probability f;. When the prevalence is sufficient, higher order contagion, whose
dynamics is governed by f,, is triggered, thereby accelerating the spreading as illustrated in the example reported in
Fig. 16. The Authors also observed that, while the ignition of the contagion process requires the pairwise interactions,
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Figure 15: The SIS model over 2-dimensional simplicial complexes. Stationary density of infected nodes as a function of
B, in the SIS model over different 2-dimensional simplicial complexes, with recovery probability 4 = 0.2. Dots correspond
to the results of Monte Carlo simulations, whereas lines to analytical computations using the methods indicated in the
legends, where i) MECLE refers to the Microscopic Epidemic Clique Equation model, which is the one that best predict the
critical edge infection probability f* at which the epidemic-free state becomes unstable, ii) MMCA and MMCA (MECLE)
refer to the Microscopic Markov Chain approximation of the simplicial Epidemic Link Equations model and the Microscopic
Epidemic Clique Equations (MECLE), respectively, iii) ELE corresponds to the simplicial Epidemic Link Equations model,
and iv) MF and MF(MECLE) refer to the homogeneous mean-field approximation of the simplicial Epidemic Link Equations
model and the Microscopic Epidemic Clique Equations (MECLE), respectively. Note that MF and MF(MECLE) are almost
superimposed and practically indistinguishable. Each panel corresponds to a different topology and triangle infection
probability: panel (a) to a periodic triangular SC with k%) = k0 = 0.00 and k!» = 3.00, with k" being the mean
number of (g,n+ 1)-cliques'incident on a node, and triangle infection §, = 0.25; panel (b) to a random (see Ref. [23]) SC
with k@D = 4.10, k©» = 0.00 and k'? = 3.95, and f, = 0.15; panel (c) to a Dorogovtsev-Mendes (see Ref. [136]) SC
with k@D =1.10, k®? = 0.00 and k'» = 1.45, and f, = 0.25; and panel (d) to the same as panel (c) but with f, = 0.50.
Figure adapted from Ref. [112].

it can be sustained by higher order interactions alone, as shown in Fig. 17. This observation has an interesting inter-
pretation in social contagion, whereby the spreading of an idea needs to be ignited by individual, pairwise interactions,
but can be then sustained by peer-pressure alone. The Authors showed the generality of the observed phenomena by
means of mean-field methods, firstly extended to higher order contagion [23].

Contagion processes can coexist and influence each other. Several instances can be found in disease spreading,
whereby the presence of a certain pathogen may favor or hinder the diffusion of another one [137, 138]. However,
interaction between spreading processes is not limited to infectious disease, but can also be observed in social conta-
gion, a striking example being the coupling between the COVID-19 epidemic and the adoption of safe behaviors [139].
Motivated by these examples, Lucas ef al. in Ref. [140] focused on the case of two interacting spreading processes,
a simplicial contagion A that cooperatively and unidirectionally drives a simple (pairwise) contagion B. Figure 18 is
a schematic illustration of the interactions, where unidirectionality is guaranteed by the fact that the coupling factors

! According to [112], given a simplicial complex &, a clique of n + 1 nodes is a (1, n + 1)-clique if its nodes form a n-simplex in KC, whereas it
is a (0, n 4+ 1)-clique. otherwise. Since a 1-simplex is equivalent to a 2-clique, the Authors choose to assign g = 0 to any 2-clique.
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Figure 16: Simplicial SIS spreading in real world networks. Simplicial SIS spreading on dolphins network made of 62
nodes and 159 edges, and such that a certain portion of its length 3 cycles are randomly selected as 2-simplices. Panel (a)
describes the traditional SIS spreading process on graphs, where blue and red nodes correspond to susceptible and infected,
respectively. Gray-colored triangles denote the higher-order connections, which do not affect the SIS spreading since the
normalized infectious rate A, = f,{(k,)/u is set to zero. Panel (b) describes the simplicial spreading process, where blue-
and orange-colored triangles denote dormant and active 2-simplices, respectively. Higher-order interactions only happen in
an active simplex, with a dormant p-simplex becoming activate only when p of its nodes have been infected.

Figure reprinted from Ref. [24], (©) 2021 with permission from Elsevier.
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Figure 17: 2-simplices may sustain infection also in the absence of pairwise interactions. Infection density on a synthetic
network of 1,000 nodes, 4,140 1-simplices, and 1,401 2-simplices, generated through the extended Barabasi-Albert model
from Ref. [21]. Pairwise interactions are shut down in correspondence of the red dashed line, when the infection density
settles. Different from panel (a), where 2-simplices are inactive (4, = 0), in all the other panels the higher-order interactions
are able to sustain the contagion. Figure reprinted from Ref. [24], (©) 2021 with permission from Elsevier.

are selected as eg4 = 1 and €45 > 1. Introducing p,4, pp, and p 4 g as the density of individuals infected by only A, B,
and by both A and B, respectively, and considering that p4 = p4 + pgpand pp = pp + p4p are the total density
of individuals infected by A and B, respectively, the Authors derived the following mean-field equations:

Dag® = 2y OB (1 = pa 0) + B K pa D1 = P, 0) = 1) /1 (19)
P50 ® = 25, O(BF KD (1= pg,, (1)
+ Bk s = D4, 0= pap®) = ) /11, (19b)
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Figure 18: Schematic illustration of the interacting spreading process studied in Ref. [140]. Panel (a) depicts the transition
probabilities between the four compartments: susceptible (S, gray), infected exclusively by one disease (A or B, blue/red-
colored, respectively) or by both (AB, black). Panels (b)-(d) show how a susceptible node i can get A after a contact
with an infectious k-simplex (this could also includes AB individuals). In particular, in panel (d), as i is part of a 2-simplex
composed by two other infectious nodes, it could acquire the infection both from each of the two links (1-faces) with
probability ﬂlA = B, and from the 2-face with probability ﬂé“ = p%. Panels (e)-(g) show that when i is already infected with
B, the probability of getting A is affected by the coupling term ep,. The same would happen, symmetrically, by swapping
B and A. A is selected as the driving process on B by setting ¢,, > 1 and ¢, = 1. Figure reprinted from Ref. [140].

Pap®) == 2p4p0) + €2 (k1) (pa, (1) = pap®) Py, (O)/ 1

tot

+ ﬂf(kl >(thm (- pAB(t))pAm[ /u
+ 85 k2) (P, () = pa(1) P, (O] 1 (19¢)

where ﬁiJ is the probability that a node gets the infection J from a i-simplex it belongs to, and e , 5 > 1 is the coefficient
that regulates the interaction between the two diseases, being the transition probability in this latter case simply the
product of those probabilities coming from the single infections A and B (see again the schematic in Fig. 18). Note
that the Authors set ﬂiA = 0 for all i > 2 (epidemic A only diffuses through edges and triangles), and ﬂiB = 0 for all
i > 1 (epidemic B, if decoupled from A, would only diffuse through edges), and we remind that e, does not appear
in the equations since it is set to 1, whereby epidemic B does not affect the diffusion of epidemic A. Note that i)
the last choice makes the interaction between the spreading processes asymmetric, with the spreading of A in (19a)
independent of the diffusion of B, and driving the other two equations (19b) and (19c¢), and ii) equation (19a) - (19¢)
can be completed by the following conservation law, which allows to compute the density of susceptible (non-infected)
individuals pg as

s =1—=py @ —pp )+ psp. (20)

An interesting numerical and analytical finding from Lucas et al. was that when the normalized pairwise infection rate
= ﬂlB (ky)/p is smaller than 1 (meaning that, in the absence of a driving process, the epidemic would die out), the

driving process A can sustain epidemic B if 1‘2“ = ﬂé“(kz) /u > 1, and one can observe a discontinuous transition when
the coupling parameter €, 5 overcomes a critical value, as illustrated in Fig. 19. These findings suggest that, when a
simplicial social contagion process, such as the adoption of safe behaviors, drives a simple (pairwise) contagion of an
epidemic, acting on the social contagion might yield qualitatively different outcome on the final pathogen’s spread.

Another bulk of work focuses instead on the case in which the two interacting spreading processes are competing
with each other [141, 142, 143]. This is the case, for instance, of two concurrent epidemics such that if an individual is
infected by one disease cannot be infected by the other, or in the adoption of two competing, alternative products (e.g.,
two competing brands of top-of-the-line smartphones). Li ef al. in Ref. [141] considered then a simplicial contagion
for two interacting SIS spreading processes A and B under absolute competition, whereby being infected by A implies
immunity to B and vice versa. This implies that an individual can be in three states: susceptible, infected by A, and
infected by B. In the absence of simplicial contagion, this system would have, depending on the recovery probability
and infectious rates, three possible steady-state behaviors: the dominance of one of the two epidemics, or the extinction
of both epidemics. The presence of simplicial interactions determines instead a novel region of the parameter space
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Figure 19: The stationary-state obtained by numerical integration of Eq. (19). When the driver process A follows a simple
contagion (A = 0) the transition to the epidemic state is continuous, see panels (a)-(b). On the contrary, when A follows
a simplicial contagion (A7 =2.5) a discontinuous transition may occur, depending on the values of the coupling €,,. The
blue dot in panel (d) identifies the critical point corresponding to the discontinuous transition displayed in panel (c). Figure
adapted from Ref. [140].

where the dominance of one epidemic or the other becomes dependent on the initial conditions. Similar outcomes
have been independently observed through the MMCA by Nie ef al. [142], who numerically investigated the impact
of the topology of the simplicial complex, showing that an increase in the average degree of 1-simplices can trigger a
transition from epidemic outbreak to extinction, while an increase in the average degree of 2-simplices favors epidemic
spreading.

A different contagion mechanism was considered in Ref. [143], where Nie et al. grouped the agents in three
categories of adopters: Q, (2p) is the set of agents that only adopt product A (B), and possibly do so only if they
are connected to other adopters of A (B) through links or triangles; the adopters in the third category Q 4z, when
susceptible, may become adopters of either product A or B. In addition, when they adopted one of the two product,
beyond recovering (that is, adopting neither A or B) they can also switch adopted product: if they are adopters of A (B)
and are in a triangle with two adopters of B (A), then they may decide to adopt product B (A), instead. A schematic
of this contagion mechanism is illustrated in Fig. 20. To identify the critical transition points in the infection rates, the
Authors used the MMCA as in Refs. [135, 111] and then numerically confirmed the theoretical results in the symmetric
scenario in which there is not an a priori favorite product, that is, when the recovery and infection rates are the same
from both A and B, the fraction of adopters in Q4 and Qp are the same, as well as the probability to switch from
product A to product B and vice versa. As in Ref. [141], here the Authors show that there cannot be a steady-state
where both products are adopted, but one product will dominate on the other, depending on the contagion parameters
and initial conditions.

3.2.2. Contagion in time-varying structures

Depending on the time scale at which we are studying the contagion process, we may observe that, as time passes,
some connections are created, whereas others are eliminated from the interaction networks. The framework of tem-
poral graphs, that is, an ordered sequence of static graphs [144], has been typically used to describe networks whose
structures evolves in time. Chowdhari et al. [120] investigated how the variability of the interaction network affects the
social contagion by considering a temporal simplicial complex, where hyperedges may be added and removed during
the spreading (see Fig. 21). In their study, the Authors focused on networks where contagion can either happen on
one-simplices (standard, pairwise interactions, with probability f;) and two-simplices (three-wise interactions, with
probability f,). To perform a numerical investigation of the impact of temporality on the spreading dynamics, the
Authors leveraged the extension to simplicial complexes of the microscopic Markov Chain approach [111], with the
difference standing in the sets é’id in Eq. (18) being functions of time.
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Figure 20: The contagion mechanism described in Ref. [143], with transition rates attached to the corresponding arrows.
Panel (a) describes agents belonging to Q,, which may only be susceptible or adopt product A. Agents in Qp behave
similarly, but may only adopt product B, as illustrated in panel (b). Finally, agents in Q,; may become adopters of
both A and B. In all panels, the susceptible state is identified by a blue node, yellow (green) nodes corresponds to the
compartment of agents adopting product A (B). A gray node correspond to a product that cannot be adopted by the
agents in that category. Figure reprinted from Ref. [143], (©) 2022 with permission from Elsevier.
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Figure 21: Contagion in time-varying structures. Schematic illustration of the temporal higher-order interactions consid-
ered in Ref. [120]. Figure reprinted from Ref. [120].

To compare social contagion through static and temporal interactions, the Authors considered random simplicial
complexes (RSC) of N = 500 nodes generated with the algorithm given in Ref. [23], so to control for the average
pairwise degree (k) and the average number of two-simplices incident on a node (k,). Equation (18) is then run for
T = 10,000 time-steps, with the initial state corresponding to a single infected node (p(0) = 1/N), so to compute
the asymptotic density of infected nodes as p,, = Y, p;(T)/N. By comparing simulations on a static simplicial
complex with those on a temporal hypergraph where at each time step they considered a new realization of the RSC
with same (k) and (k,) of the static case, the Authors observed a critical difference. While in the static case the
epidemic onset is anticipated by increasing the rescaled 2-simplices infection parameter A, = f,(k,)/u, for temporal
simplicial complexes for low values of the rescaled pairwise infection parameter A; = f,(k;)/u the endemic phase
is not reached independent of the value of A,, as illustrated in Fig. 22. This effect is confirmed also when multiple
nodes were infected at time 0. The backward transition to the infection-free state is instead almost unchanged by the
temporality of the interactions.

The above numerical experiment considered independent realization of the RSC at any time-step. However, when
the network evolution is less abrupt, a temporal correlation between the sequence of simplicial complexes may be
observed. To this aim, Chowdhari ef al. proposed an algorithm where a RSC is generated only at time 0, and then its
simplices are rewired with a given probability f, which can be used to tune the temporal correlation ¢ between 0 and
1. This experiment showed how the simplicial effects are more evident in the presence of high temporal correlation,
with the static case that can be viewed as the limit case with unitary correlation. Nonetheless, in case of heterogeneous
network structure such as the scale-free simplicial complexes [21], even for uncorrelated temporal structures (¢ = 0)
the effect of simplicial interaction on the epidemic onset is not negligible, since for any value of f; the endemic state
can be triggered by increasing f,.

The effect of temporality on social contagion has also been tested in the presence of two competing spreading
processes A and B [145], where the nodes can be in four possible states: susceptible to both infections, infected by

S. Boccaletti et al.: Preprint submitted to Elsevier Page 30 of 74



The structure and dynamics of networks

Static RSC Temporal RSC

1 m 1
30
20

05 N 05

10

—0 0 —0

2 0 1 2

Figure 22: The steady-state infection rate. Color map of the steady-state infection rate as a function of the normalized
infection rates 4, and A, for a static (left panel) and temporal (right panel) random simplicial complex of N = 500 nodes.
The recovery rate y = 0.1, and average degrees (k,) = 12 and (k,) = 5 are the same for both scenarios. In the static case,
the epidemic onset, identified by a solid black line, is anticipated as we increase 4,. The same effect is not observed on
temporal simplicial complexes. The backward transition to the infection-free state (dashed black lines) is instead largely
unaffected by the temporality of the interactions. Figure reprinted from Ref. [120].

A, infected by B, or infected by both A and B, whereas contagion can happen both via pairwise interaction and via 2-
simplices. Nie et al. used the MMCA in Ref. [135] to identify the steady-state outcome of the epidemic spreading, and
its effectiveness has been confirmed through numerical experiments. When the initial infection density is sufficiently
high, the Authors observed that a network that evolves at a time scale that is slower than that of the spreading dynamics
induces a smaller outbreak threshold.

3.2.3. Other higher order contagion mechanisms

SIR simplicial contagion As in contagion on graphs, SIR models consider the case when, after healing from an
infection, individuals get immune from the contagion, and therefore are classified as recovered [102]. As in SIS
simplicial contagion, Palafox-Castillo and Berrones-Santos [146] considered that the infection can also arise from
the interaction between a susceptible individual and its k infected neighbors belonging to the same k-simplex. In
their preliminary work, the Authors showed how even the addition of only three-way interactions can yield notable
differences in the dynamics and stationary state of the epidemic. For instance, using a mean field approach, they
observed that the additional higher-order layer may prevent the possibility of containing the number of infected nodes
below a certain threshold.

SIRS simplicial contagion The work of lacopini ez al. [23] has been then extended in a different direction by Wang et
al. [109]. Here, the Authors considered the presence of a further compartment, the re-infectable, and study simplicial
contagion in the context of SIRS models [147], widely used for studying epidemic spreading of influenza, hepatitis,
and many other viruses [148, 149]. The presence of this additional compartment allowed to capture the periodicity
that often characterizes epidemic outbreaks. As in Ref. [23], the Authors demonstrated the observed results through
a mean field approach, and showed the existence of a discontinuous transition to the epidemic state, as well as that of
limit cycles explaining the periodicity of the epidemic outbreaks.

As already mentioned several times, a simplicial complex is a class of hypergraphs with an additional property: if
a hyperedge is in a simplicial complex, any non-empty subset of vertices in the hyperedge is also a hyperedge of the
simplicial complex. When dealing with social contagion, this means that a node can be infected not only if all other
nodes in the d-simplex are infected, but also if any smaller (non-empty) subset of its d neighbors in the simplex is
infected. Jhun er al. [108] focused instead on (d + 1)-uniform hypergraphs, that is, on hypergraphs composed only by
hyperedges of cardinality d + 1, that is, connecting d + 1 nodes. The scope of the Authors was to focus on the case
in which contagion of a node i is possible only when all d nodes belonging to the same hyperedge as i are infected.
The contagion model from Ref. [108] could be retrieved by setting all f;-s to 0, except of f;. For this reason, we will
drop the subscript from now on and write f; = f. Jhun et al. focused on scale-free (d + 1)-uniform hypergraphs,
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which therefore have a power-law d degree distribution, and designed it so that its exponent 4 is equal to 1 + 1/p.
Accordingly, they relaxed the assumption of homogeneous node degree in standard mean field analysis, and rather
used the heterogeneous mean field approach first introduced in Ref. [150]. Generalizing it to the case of uniform
hypergraphs, the Authors obtained the following equation for the density Pk, of infected nodes with a given degree k;:

pr, (1) = —upy, () + B(L = py. (1))k, 077, @1

where
Dk, kaPa(k)pr ()
(kq) ’

with k;, and P, being the smallest d-degree and the d-degree distribution of the hypergraph, respectively. The
stationary solution for p, will be

C)

(22)

’,lkd@d—l

S e — 23
1+ 1k, ©4-1 (23)

Pi,

where n = f/u. Through algebraic manipulations, the Authors were able to show that, in agreement with numerical
simulations, there is a critical value 4, = 2+ 1/d of the exponent 4 of the scale-free degree distribution. Indeed, when
A £ 4., the epidemic threshold is zero, whereas it becomes finite for A > 4., with the susceptibility, measuring the
fluctuation of the order parameter, diverging at the transition point, as illustrated in Fig. 23.

A different contagion method, framed in the context of social communication, was proposed by Wang et al. in
Ref. [151]. The Authors considered a simplicial complex built starting from a graph, where each of the minimal
cliques of the original graph corresponds to a simplex [152]. In such a simplicial complex, the Authors considered a
SIS propagation model, where contagion may happen both at the level of connected individual (called by the Authors
“information transmission”), and between cliques sharing faces (called by the Authors “idea integration”). These two
contagion mechanisms are mutually coupled, whereby a clique is infected if the ratio of its infected nodes is not smaller
than a threshold 7', whereas the change of the node state depends both on the communication process intra-clique and
inter-clique. An interest finding is that in this contagion scheme information does not spread when the communication
between cliques vanishes, that is, in the absence of idea integration.

3.3. Games on hypernetworks and simplicial structures

The idea of the state of a node propagating to its neighbours gave rise not only to studies of epidemic spreading and
diffusive processes, but also to games and to a family of models that concern the adoption of different opinions within
a collection of agents. A prototypical case is simply known as the voter model, which, in its simplest instance, consists
of a network of nodes whose opinion changes at every time step by copying that of a randomly chosen neighbour. The
voter model and other related games on networks enjoyed a long history of interest; it is therefore only natural that
they are currently being investigated on higher-order structures.

3.3.1. Majority rule and voter model

A pioneering study is that of Lanchier and Neufer in Ref. [153]. Their motivation to use hypergraph was to rigor-
ously analyze a spatial version of the majority rule model, in which groups of nodes are randomly chosen and they all
adopt the opinion of the majority within their group. To do so, they mapped the dynamics, whose natural underlying
structure is that of a hypergraph, into lattices, and adopted a tie-breaking advantage for even-sized edges in favour of
one of the two states (see Fig. 24). Using a Markov Chain formalism, they showed that the steady state depends on the
size of the edges. Specifically, if they involve an odd number of nodes, the system separates into clusters of differing
opinions, whereas if the number of nodes is even, the advantaged opinion wins. Notably, this behaviour differs from
that of the voter model, which, in higher dimensions, always converges to a well-mixed steady state.

A different approach was taken by Chung and Tsiatas [154], who started from a fully general formulation of the
voter-model dynamics on hypergraphs. In their formalism, the nodes in a hyperedge g can adopt a given assignment of
opinions 7 with a probability p (g, o, 7) that depends on their current opinion assignment ¢. Then, the dynamics of the
model can be mapped to a random walk on the state graph H* of the model. If the model has r allowed opinions and N
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Figure 23: Heterogeneous mean-field approach. Density of infection p (panels (a) and (c)) and susceptibility y, (panels
(b) and (d)) as a function of # estimated through a heterogeneous mean-field approach in Ref. [108]. Panels (a) and
(b) correspond to 3-uniform scale-free simplicial complexes, whereas panels (c) and (d) correspond to 4-uniform scale-free
simplicial complexes. In all panels, results are reported for different values of the exponent A of the scale-free degree
distribution. It can be noted that, beyond a certain critical value of A the epidemic threshold becomes finite, and the
susceptibility diverges at the transition point. Figure reprinted from Ref. [108]. (©) IOP Publishing Ltd and SISSA Medialab
srl. Reproduced by permission of IOP Publishing. All rights reserved.

nodes, then H* is a directed graph with "V nodes, each corresponding to a global state of the system, and its arcs link
states that can be reached one from the other. To cope with the problem, they focused on the particular case in which
the transition probabilities do not depend on the current opinion assignment of the edges, so that p(g,0,7) = p(g, 7).
Then, they treated the state transitions as members of a left-regular band semigroup and used spectral methods to
express the probabilities of observing given global states and to estimate the time of convergence to a steady state.

Gradowski and Krawiecki proposed instead a voter model sharing similarities to classic spin models [155]. In their
work, they considered a two-state system on a scale-free hypergraph. Each node can have opinion +1, and two types
of dynamics were studied, namely the hyperedge update and the node update. In the former, all edges are considered,
systematically and in a random order, and the nodes in each edge flip their state with a probability that depends on the
majority opinion within the edge. In the latter, all nodes are chosen, in random order, together with a random edge
they participate in, and their states are flipped with the same probability as before. Given a node i with state ¢; and an
edge e to which it belongs, the flipping probability is

ZjEe Gj

| fee"f'|

s

pi)=3[1-0-200,

where ¢ is a parameter akin to a temperature that represents social noise. Simulating the system and analyzing the
results, the Authors found that it features a critical transition controlled by the social noise g (as it can be seen in
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Figure 24: Typical updating process of the voter model on a hypergraph. The dynamics is mapped on a 2-dimensional
lattice, and two updates are shown, each with a block of 9 nodes. Figure based on Ref. [153].
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Figure 25: Binder cumulants for the node-update dynamics of the voter model on hypergraphs. The curves for system
sizes 1,000, 2,000, 5,000, 10,000, 20,000, 50,000 and 100,000 cross at the critical value of the social noise, estimated to
be approximately 0.152. Figure reprinted from Ref. [155], () 2015 with permission from Acta Physica Polonica.

Fig. 25), with critical exponents depending on the dynamics. They are compatible with mean-field Ising exponents for
the hyperedge update, and they are close to those of the voter model on low-dimensional hypercubic lattices for the
node update.

As already mentioned, often network structures are not static, but evolve in time with a dependence on the state
of the nodes. To study one such case, Horstmeyer and Kiihn considered an adaptive voter model on simplicial com-
plexes [156]. Specifically, they simulated a version of the classic voter model on simplicial complexes including up
to 3-body interactions. The rule they implemented consists in a repeated random selection of individual edges. If the
chosen edge is between nodes with differing opinions (an active edge) then one of the two nodes is randomly selected.
With probability p, the chosen node rewires to another random node with the same opinion. If the edge is not part
of a 2-simplex, then, with probability 1 — p, the chosen node adopts the opinion of the other node. If, instead, the
edge does belong to a 2-simplex, then, with probability 1 — p, the chosen node adopts the majority opinion within
the 2-simplex with probability ¢, and it adopts the opinion of the other node in the edge with probability 1 — g. The
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introduction of the probability g allows one to consider the effect of peer pressure within the model. The behaviour
observed is qualitatively very similar to the classic version on networks, in that it features a fragmentation transition
that, for values of p above a critical point, separates a phase in which the network adopts a single opinion to one in
which it polarizes into two blocks that no longer communicate with each other. The main difference with the tradi-
tional model is that the peer pressure g speeds up the dynamics. Additionally, in the appearance of the fragmented
state, the higher-order interactions vanish before the individual edges do, suggesting that such a dimensional hierarchy
may be a general feature of dynamical models on higher-order networks. This is consistent with the theoretical results
obtained by Neuhéuser and collaborators, who explicitly showed that true higher-order effects in models of this kind
can only arise if the higher-order interaction function is nonlinear [157]. Conversely, if such a function is linear, then
the dynamics can always be reduced to dyadic interactions, even if the supporting structure is that of a hypergraph.

3.3.2. Evolutionary games

A related model that has recently been studied in a hypergraph version is the public good game, which consists
of repeated rounds in which players interact in groups. In each round, all players are asked to contribute a fixed
amount ¢ to a common fund. Players can choose whether to cooperate, and pay the requested amount, or defect,
and offer no contribution. The total amount collected is then multiplied by a synergy factor R and shared equally
amongst the g participants, regardless of their choice. Alvarez and collaborators studied a version of this game in
which the interactions happen within hyperedges in a hypergraph [158]. Their results show that the dynamics of the
simulated game reproduces the theoretical expectations of the replicator dynamics if structural correlations are absent.
Conversely, in heterogeneous hypergraphs, hierarchical structures are shown to inhibit cooperation, which is an effect
that is not observed in dyadic networks.

Schlager and collaborators also considered a similar game, namely the snowdrift game, on simplicial complexes
[159]. In its traditional, two-player version, each player may contribute an equal amount to cover a total cost ¢ for a
shared benefit b, which is awarded to both players if at least one of them cooperates. They generalized the game to
simplicial complexes via a direct extension of the payoff functions, so that, if the number of cooperators is no > 1,
each cooperator receives a payoff equal to b — ¢ /n, and each defector receives simply b. The complexes include up to
2-simplices, and the dynamics is adaptive and similar to that of Ref. [156]. At every iteration of the game, an edge is
chosen and one of its two nodes is randomly selected. If the edge is not part of a 2-simplex, then with probability ¢ the
chosen node rewires to another random cooperator node, and with probability 1 — ¢ it adopts the strategy opposite to
that of the other node in the edge. If, instead, the edge is part of a 2-simplex, then with probability p the chosen node
adopts a defecting strategy if at least one of the other two nodes in the simplex cooperates, and it adopts a cooperating
strategy otherwise. Finally, if the edge is part of a simplex, with probability 1—p the chosen node rewires to a cooperator
with probability ¢, and it adopts the strategy opposite to that of the other node in the edge with probability 1 — ¢. To
analyze the system and make it treatable, the Authors expressed the evolution of the different types of nodes and edges
in terms of moment equations, and proceeded to close the system via a traditional moment-closure approximation.
Even though this yields a final closed system that is still not generally amenable to analytic solution, they showed that
direct simulations of the model are in good agreement with numerical solutions of the closed system of equations, and
observed a remarkable stability of the best-response strategy described above.

Other evolutionary games on populations that are structured beyond pairwise interactions have been recently stud-
ied. In particular, Guo and collaborators [25] introduced a general approach that allows studying situations in which
indirect interactions impact the strategy of the player. The framework enables one to investigate how the main evo-
lutionary games (prisoner’s dilemma, snowdrift game, stag hunt game, and harmony game, which display different
Nash equilibria) compete in simplicial structures and how such a competition is modulated by the unbalance of 2- and
1-simplices, which accounts for the relative prevalence of pairwise or group interactions amongst the players. The
main results that are reported demonstrate that () higher order games allow for non-dominant strategists to emerge
and coexist with dominant ones, (ii) a transition from dominant defection to dominant cooperation exists as a function
of the simplicial structure of the population, and (ii7) the 2-simplex interactions are the source of strategy diversity,
meaning that increasing the relative prevalence of group interactions always promotes diverse strategic identities of
individuals.

Stable social conventions can be overturned by a minority of individuals committed to the cause when the size
of this minority overcomes a critical threshold [160, 161]. Various frameworks have been proposed to clarify the
nature of this phenomenon, the simplest models being inspired by statistical physics [162, 163]. Among these models,
the naming game has been successful in describing the emergence of social norms [164], explaining how a shared
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convention emerges from local, pairwise interactions of agents with their peers.

Recently, Iacopini et al. in Ref. [165] have proposed a novel game on hypergraphs that generalizes the standard
naming game on graphs. In this setting, at each time step a hyperedge 4 is randomly selected, and a speaker agent is
randomly elected among the nodes in s, whereas all the other nodes in A act as hearers. The speaker node randomly
selects a name, say A, from its vocabulary and communicates it to the other nodes in 4. In the standard naming game,
h is an edge and therefore there is only one hearer. This implies that the agreement can only be reached if the hearer
has A in its vocabulary. lacopini ef al. introduced instead the possibility of group interactions, whereby multiple
generalised conditions for an agreement in 4 can be made. In their work, the Authors focused on what they call the
unanimity condition, which is the least favorable towards achieving the agreement in A, since it requires that all the
hearers should have A in their vocabularies. If an agreement is reached in A, then with probability f, which can be
viewed as a proxy of the social influence of the speaker, all the nodes in /& converge on the name A and remove all the
other names from their vocabulary, whereas with probability 1 — f there is no convergence. If an agreement instead
is not achieved, then all the nodes that did not have it already add A to their vocabulary. However, a fraction p of the
agents belong to a committed minority that does not obey to these rules, but rather sticks to the same name and does
not change the vocabulary.

Tacopini et al. have shown some peculiar behaviors enabled by higher-order interactions. For instance, arbitrarily
small minorities (even a single individual) may overturn the social conventions of a group composed by hundreds of
peers. Furthermore, they have highlighted a non-monotonic behavior, whereby either small or large groups succeed in
overturning social conventions.

4. Collective dynamics in networks with higher order interactions

In this Chapter, we review the main results concerning the emergence and control of collective dynamics in net-
works with higher order interactions. In particular, we will focus on synchronization and consensus dynamics.

Synchronization is a ubiquitous phenomenon in natural and engineered systems [166, 167], which corresponds to
the emergence of a collective behavior wherein all (or some of the) system’s unitary components adjust their behavior
into a common evolution.

When only dyadic interactions are considered, a broad range of studies has shed light on the intimate relationships
between the topology of a network, its synchronizability, and the properties of the synchronized states. In particular,
synchronous behaviors have been observed and characterized in small-world [168], weighted [169], multilayer [170],
and adaptive networks [171, 172]. Beyond complete synchronization, other types of synchronization were studied,
including remote synchronization [173, 174], cluster states [175], synchronization of node groups [176], as well as
chimera [177, 178] and Bellerophon states [179, 180]. Furthermore, the transition to synchronization has been shown
to be either smooth and reversible, or abrupt and irreversible (as in the case of explosive synchronization, resembling
a first-order like phase transition [181]). When abandoning the limit of pairwise interactions, a much richer scenario
emerges, with novel types of synchronized states, which are often inherently prohibited when interactions are only
dyadic.

In the context of higher-order interactions, the ability of the network to recover a synchronized behavior after local
perturbations has been investigated, thereby providing necessary conditions for synchronization. Obtaining global,
sufficient conditions that guarantee the emergence of synchronization regardless of the extent of the perturbation is still
an open problem in the literature. Similar to the approaches used in networks with pairwise interactions [182, 183],
the viability of Lyapunov-based, global conditions for stability have been recently investigated also in the presence of
multi-body interactions.

The Chapter is divided in five sections. The first section is devoted to discuss the synchronization of identical
systems, and in particular to describe the extension of the Master Stability Function approach [184] to the case of
multi-body interactions of any order. The second section reviews the main results concerning synchronization in non-
identical systems, with particular reference to the higher-order Kuramoto model in all its variants. The third section
reviews the major contributions in the literature concerning the emergence of consensus dynamics. The fourth section
then discusses how pinning control can be applied in the context of directed hypergraphs, pinpointing an explanatory
analogy with signed graphs that facilitates control design and enables the derivation of global, sufficient conditions for
convergence of the node states towards a desired trajectory. Finally, the fifth section expands the controllability analysis
for linear networks to the case of multi-body interactions that make the network a polynomial dynamical system.
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4.1. Synchronization of identical systems

In this section, we refer to the main results obtained in Refs. [27, 185], where the initial analyses of complete
synchronization in p—uniform hypergraphs [186] were extended to more general higher-order structures and coupling
functions. Note that, at variance with the modeling framework proposed in Ref. [187], Refs. [27, 185, 186] considered
higher-order interactions that cannot be decomposed as sums of pairwise ones. Namely, Jost ef al. in Ref. [185] consid-
ered chemical hypergraphs of any rank [130], which are characterized by Laplacian-like interactions. Gambuzza et al.
in Ref. [27] generalized the focus to simplicial complexes where the coupling function is synchronization non-invasive,
that is, it vanishes when the node states coincide. In these settings, the Authors of Ref. [185, 27] demonstrated that
complete synchronization exists, and provided necessary and sufficient conditions for local stability of the synchro-
nization solution to be stable in terms of a Master Stability Function, a well-known method originally developed in
Ref. [184] for pairwise coupled systems, and later extended to static [188], time-varying [189, 190, 191], and stochastic
network systems [192]. In illustrating this approach, we will follow the treatment and notation used in Ref. [27].

4.1.1. Existence and stability of the synchronization state
Let us then consider an ensemble of N dynamical systems interplaying over a hypergraph where the maximal size
of its hyperedges is D. The equations ruling the evolution of the ensemble are

() 1 2) 2
X, = f(x,) + 0, Z gV(x;, J1)+azz Z a:, gP(x,.%; %) + ...

J1=1 J1=1j,=1

(D) (D) .
+0DZ Z ljl (Xi’le"'joD)s i=1,...,N,

=1 jp=l1

(24)

where Xx,(f) is the m-dimensional vector state describing the dynamics of node i, f : R™ — R™ describes the local
(and identical for all units) dynamics, o, ..., o, are real-valued coupling strengths, while g() : RU@+Dxm __, Rm
(d = 1, ..., D) are synchronization non-invasive functions (i.e., g/)(x, ..., x) = 0 for all d) ruling the interaction forms
at dlfferent orders. Furthermore, afj) Ja is the entry ij; ... j; of the adjacency tensor AD ford=1,...,D.

For ease of illustration, we focus on the case of D = 2, which is described by the following set of coupled differential
equations

x; = £(x;) + 0y 2 = <‘>(x,,x)+6222aff,1 gP(x;,x;,x), (25)

j=1k=1

where o and ¢, are the coupling strengths associated to two- and three-body interactions.

Note that the existence and invariance of the synchronized solution x°(t) = x;(¢) = ... = X (?) is guaranteed by
the fact that the coupling functions are non invasive, and therefore they vanish when the node states coincide.

As for the stability of such synchronized solution, one can consider perturbations around the synchronous state,
i.e., 0X; = X; — X°, and perform a linear stability analysis of Eq. (25). The result is

ogV(x;.x;) ogV(x;.x;)
5x; = JE(X*)8X; + o, 2 i [# i+ # 5xj]
j=1 i (x5,x%) j (x5,x%)
N N (2)
dg (X, X, X, ) g9 (X;,X;,X;,)

(2) i j k i / k 26
+ 0-2 Z Z aijk [ aX S xS xS 5Xi + dx S xS xS 6X'] ( )

j=1k=1 i (x5,x5,x5) j (X5,X5,X5)

ag( )(Xp ]7Xk)

0x;,

where Jf(x%) is the m X m Jacobian matrix of the function f, evaluated at x*. It is fundamental to observe that, as the
coupling functions are synchronization non invasive, their value is constant and equal to zero at the synchronization
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manifold, and consequently their total derivative vanishes as well, which implies
ag(l)(xi, Xj)
0x;

1

ogV(x;.x;)
+ 4 - ()’

(x%,x%)

(x5,x%) an (27)

0g?(x;, X;. X))
ox;

1

ag(Z)(Xi’Xj’Xk) 0g(2)(xi,xj,xk)
T T

=0.

(x5 X5 X5) 0x; (x5 x5 x5) Xy (x5 x5 X°)

It is then possible to simplify Eq. (26) as

N
8%, = JEX)Ox, + 01 ) aﬁjl.)Jg“)(xS, X°*)(6x; — 6x;)
j=1
NN (28)
+ 0, Z Z aif])( [Jlg(z)(xs, X', x*)(0X; — 6x;) + J,g@(x%, x*, x*) (6%, — 5x,-)] ,
j=lk=1

where we used the notation

3g“)(X,-,Xj)

9
R wex)
ag(z)(x‘-,xj,xk)

0x;

g (x;.x;.x;)

TgV(x* x*) =

J1gP (x4, x5, x%) = , (29)

(x*,x5,x5)

g (xf, x*,x*) = =1 :
k (x5,Xx5,x%)

Recalling the definitions of degree kl(.l) =y a" and generalized degree kl(.2) = Zj\]: | Zszl agjz.l)( /2 of a node i,

j=1"ij
Eq. (28) can be then recast as

N
8%, = JEX*)ox, — 01 ) £§}) TgD(x*, x*)6x;
j=1
NN (30)
-0, Z Z Tijk [Jlg(z)(xs,xs,xs)éxj + J,g@(x%, x5, x°)6%, |,
j=1k=1

where El(.}) is the entry ij of the order 1 Laplacian of the simplicial complex, and 7;; is the element ijk of a tensor
T € RN*N*N defined as ,;;, = 2k§2)5ijk - al(jzl)C with ,; equal to 1 if i = j = k, and 0 otherwise.

The Authors of Ref. [27] then noted that the last term on the right hand side of Eq. (30), though not necessarily
referring to diffusive three-body interactions, can be in fact rewritten in terms of the generalized Laplacian matrix.
Indeed, one can notice that the Jacobian matrices J,g@(x*, x*, x*) and J,g@(x*, x, x*) are both independent on k and
Jj, and therefore Eq. (30) becomes

N
8x; = JE(X*)ox, — o, £§Jl,> JgV(x*, x*)8x;
j=1
N N N N (31)
— 0y [Z Jl g(z)(xs, XS, XY)(sXJ Z Tijk + Z ng(Z)(Xss XS, XS)(SXk Tijk:| .
j=1 k=1 k=1 j=1

S. Boccaletti et al.: Preprint submitted to Elsevier Page 38 of 74



The structure and dynamics of networks
Then, using the fact that T is symmetric, one has that )}, 7;;, = >, 7;;» Which yields

N
8%, = JE(X*)ox; — 01 Y £§}> JgV(x*, x*)8x;
j=1
N N
-0, [Z J,gP (x5, x5, x“)éxjﬁg) + Z JgP(x*, x*, xs)ﬁxkﬁfi)]
j=1 k=1

N (32)
1 . <
= JE(x*)8X, — 0, Z £§j) TgV(x*, x)dx;
j=1
N
-0y Z LZSJZ.) [J] g(z)(xs, x*, x%) + ng(z)(xs,xs, xs)] 6xj.

j=1

Equation (32) can be rewritten in block form by introducing the vector 6x = [6X1T, ﬁxg, cees 5x§]T and by using
the notation JF = Jf(x%), JIG = JgM(x*,x*) and IG® = J,g@(x*, x*,x*) + J,g® (x*,x*, x*). The result is

8x = [Iy @ IF -6, £ ®IGY - 5,£? @ IG?)] 6x, (33)

where @ is the direct product and £ is the generalized Laplacian of order 2.

The final step to study the synchronization properties of Eq. (25) can be made by noticing that the generalized
Laplacians £ of any order d are symmetric real-valued zero-row-sum matrices. Therefore, they are all diagonalizable
and, for each one of them, the set of their eigenvalues is made of real non-negative numbers, and the corresponding
set of eigenvectors constitutes a orthonormal basis of RV .

Being endowed with the zero-row-sum property, all these generalized Laplacians have, as the smallest of their
eigenvalues, A; = 0, whose associated eigenvector \/Lﬁ(l, ., DTis aligned along the synchronization manifold.

In general, however, these generalized Laplacians are not commuting matrices, and therefore the sets of eigenvec-
tors corresponding to all others of their eigenvalues are different from one another. Nonetheless, any perturbation to
the synchronization manifold can be expanded as linear combination of the eigenvector sets associated to any of these
generalized Laplacians, which can be then used as the basis of the transverse space, with all other eigenvector sets that
will be mapped to such a basis by means of unitary matrix transformations.

For instance, one can take as reference basis the one constituted by the eigenvectors of the classic Laplacian £,
and consider the new variable n = (V™! ® I)dx, where V is the matrix obtained by juxtaposing column-wise the
eigenvectors of £(1). By doing so, one obtains

1=V ! QI [y ®IF— 06,0 ®IGY — 6,2 @ IGP|(V® Iy)n.

Furthermore, one can take into account that V£V = diag(4, Ay, ..., Ay) = AD, where 0= 4, < 4, < ... < Ay
are the eigenvalues of £(1, and denote by £L® = V~1L£?V the transformed generalized Laplacian of order 2. The
result is

= [Iy ®IF-,AV ®IGY - 6,£? ® IG?| 1. (34)

Considering that also £? is zero-row sum, Eq. (34) can be rewritten as

i =JFny,

l (35)
i, = 0F = 0,4,JGV)m, — 0, Y £71GP;, i=2,...,N,

j=2
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Figure 26: Stability of synchronization in the parameter space. Contour plots of the time averaged (over an observation

time T = 500) synchronization error E = <\/Z,}\::1 [1x; — x;[[>/(N(N - l))> (see the vertical bars of each panel for the

color code) in the plane (o,, o,) for the simplicial complex sketched in the tzp—right inset of each panel. The performed
simulations correspond to coupled Réssler oscillators, with the state of the i-th node, i = 1,..., N, being (x;, = (x;,¥,,z,)T
and the local dynamics given by f(x;,) = [-y; — z;,x; + ay,, b + z,(x; — ¢))]7 with parameters in their chaotic regime
(a=b=0.2, ¢ =9). The coupling functions are g'(x,.x;) = [x; — x,,0,0]" and g?(x,.x,,x,) = [x?xk —x2,0,0]" in panels
(a-c), gV(x;.x;) = [x; — x,,0,0]" and g?(x,.x;,x,) = [0, yfyk —¥%,0]" in panel (d), whereas g"(x,,x;) = [0, y; — ¥,,0]"
and g?(x;,x;,x,) = [x]x; — x7,0,0]" in panel (e). The blue continuous lines correspond to the theoretical predictions of
the synchronization thresholds obtained from Eq. (35). Notice that panels (a-c) are examples of class Il regimes, whereas
panels (d-e) are examples of class Il regimes. Figure reprinted from Ref. [27].

where 1; = [1151), ,nfm)]T, foralli=1,...,N.

Looking at Egs. (35), one easily sees that the dynamics of the linearized system is decoupled into two parts: 7,
accounts for the motion along the synchronous manifold, and all other variables n;, with i = 2, ..., N, describe the
transverse modes and are coupled by means of the (known) coefficients EEZ.) of the transformed Laplacian. Note that
the dynamics of 7, ..., 77y in general cannot be decoupled due to the non commutativity of the generalized Laplacian
matrices.

Therefore, the stability of the synchronization manifold can be assessed by (i) simulating a single, uncoupled,
nonlinear system; (ii) using the obtained trajectory to compute the time-varying elements of the Jacobians J G and

JG®); (iii) simulating the dynamics of a system of N — 1 coupled linear equations; and (iv) tracking the behavior of

the norm 4/ Zﬁz Z;."Zl(nfj ))2 to compute the maximum Lyapunov exponent A, associated to all transverse modes.
The necessary condition for stability of the synchronous solution is that A,,, be negative.

The maximum conditional Lyapunov exponent A_,,, can be computed as a function of the two coupling strengths
o, and o, and of the pairwise and three-body interaction topology, that is, A, ,x = Ay (67,05, £, £P). Similar to
the classification made for complex networks (see Ref. [4], Chapter 5), once the structure of the simplicial complex
and the coupling functions g() and g® have been given, three classes of synchronization problem can be observed:

1. class I problems, where A,
never stable;

2. class II problems, for which A, is negative within a unbounded area of the half plane (6; > 0,0, > 0); and

3. class III problems, for which A, is negative in a bounded region of the half plane (¢; > 0,0, > 0), and
therefore an excessive increase of the coupling strengths may make the synchronous manifold unstable.

max 1S positive in all the half plane (6; > 0, 0, > 0), and therefore synchronization is
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Examples of class II and class III problems are shown in Fig. 26 for Rossler oscillators [193] coupled on a hyper-
network. The reported numerical simulations of the system equations (25) confirms the accuracy of the predictions
made by solving Eq. (35).

The derivation of A, can be extended to hypergraphs of any order D, as each term on the right hand side of
Eq. (24) can, indeed, be manipulated following the same steps as above. Therefore, calling J G =y 1 8D(xS, ..., x%)+
JogD(xS, ..., x5 + - + Jdg(d)(xs, ..., Xx%), Eq. (33) can be then generalized as

ox= Iy ®IF -6,V ®IGY - 6,£P QIG? — ... —6,L P ® JG<D>] 5X. (36)

Once again, choosing the eigenvector set which diagonalizes £(1, and introducing the new variables 6 = (V™! ®
I,)6x, yields

n, =JFn,,

N N
. . : . @37)
i, = OF = 64,6V, — 0, Y £016%m; — .. =0 D' £71G P, i=2,...,N,

j=2 Jj=2

where the coefficients ENE‘.” result from transforming £(9) with the matrix V' that diagonalizes £1. Conceptually, one
has the same reduction of the problem to a single, uncoupled, nonlinear system, plus a system of N — 1 coupled linear
equations, from which the maximum Lyapunov exponent

Apax = Apax (61,69, ... op, LD, £B) D)),
can be extracted and monitored in the D—dimensional space of the coupling strength parameters.

4.1.2. Special cases

Reference [27] also discusses some special cases in which either the topology of the connectivity structure, or the
coupling functions, allow for a further manipulation of the stability equations. The first case is that of an all-to-all
coupling, where the classical Laplacian matrix is

E(l) — -1 for i 75 j,
K N-1 fori = j.
In this case, it is easy to rewrite £ (and any other generalized Laplacian), because the off-diagonal term Eg) (i #))

is the number of triangles formed by the link (i, j), which is N — 2 for any pair ij, and the term of the main diagonal
Cl(.iz) is the number of triangles having the node i as a vertex, which is

@ = N -1 _(N—l)(N—2)
i 2 B 2 '

Therefore, one has £® = (N = 2) £, and

N

8%, = JFox; = )" L1 [0y GV + 0, (N = 2) JGP)] 6x;.

j=1

By expanding &x on the basis of the eigenvectors of £(1), and having that 4, = ... 1y = N, one obtains

i, =0F —6;NJGY — 6, N(N = 2)JGP1n,, (38)
forall i = 2,..., N, which implies that, in the all-to-all case, the variables 7, are all uncoupled to each other, so that
one can define a Master Stability Function (MSF) A, which only depends on ¢, 6, and N. A similar analysis can
be carried out for all-to-all simplicial complexes of any order d, one would obtain that A, = A\ (o}, ...,04, N).
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Another interesting case, which we will illustrate for clarity on the case d = 2, is that of generalized diffusion
interactions with natural coupling functions. Namely, such functions are diffusive as they fulfill

g% x)) = hV(x)) ~h(x)

(39)
g(z)(x[,xj,xk) = h(z)(xj,xk) - h@(x;,x,),
where () : R” — R” and h®® : R>” — R™, and have the property of natural coupling, that is,
h@(x,x) = hD(x). (40)

The meaning of Eq. (40) is that the coupling to node i from two-body and three-body interactions is structurally
similar, in that a three-body interaction where two nodes have the same state is equivalent to a two-body interaction.
In this case, the Master Stability Function A, assumes a particularly convenient form, because it can be written as a
function of a single parameter. The consequence of Eq. (40) is indeed that J;h@ (x5, x%) + J,h®(x*,x*) = JhD(x*).
Therefore, one has

N N
8%, = JE(X*)ox, — 01 Y £§}> JThO(x*)5x; - 0, £fj2.) JThO(x*)5x; 41)
j=1 j=1
N
= JEx)5%, — Y [alcs.) + azcﬁf.)] ThO(x")s;. (42)
j=1

Now, one can consider the zero-row-sum, symmetric, effective matrix M, given by

M=LD @ =2
01

The eigenvalues of M depend on the ratio r of the coupling coefficients, and one has that

N
ox, = JE(x*)6xX; — o 2 M;; ThD(x)5x;. (43)
j=1

Equation (43) allows to establish a formal full analogy between the case of a hypernetwork and that of a network
on a graph with weights given by the coefficients of the effective matrix M. In particular, a single-parameter Master
Stability Function can be defined from the following m — dimensional linear parametric variational equation

i = [JEx®) — aJhD(x)] 1, (44)

from which the maximum Lyapunov exponent is calculated: A,,, = A, (@) where @ = A(c; LD + 6,£P) or,
equivalently, & = 6, ALV + rL@) = o1 AM).

The effective Laplacian M therefore plays a similar role to that of the classic Laplacian in complex networks and,
considering the nontrivial case where A ,,(0) > 0, and one can again define three possible classes of problems:

1. class I problems, for which the curve A, = A, (@) is always positive. In this case synchronization cannot be
attained regardless of the higher-order structure connecting the dynamical systems;

2. class II problems, for which A, = A« () intercepts the abscissa once at a,.. In this case, the synchronization
threshold can be obtained from the equation afri‘ical = a./[M(s" itical agri‘ical)]. When r is given, local
stability can be observed when o, > o-fritical = a,/Ay(M(r)), whereby the synchronization threshold on o
scales with the inverse of the second smallest eigenvalue of the effective matrix;

3. class III problems, for which the curve A, = Ap.«(a) has multiple crossings with the abscissa. For instance,
when the crossing points are at &y and @, > @;, synchronization can be observed only if the spectrum of M is
such that the conditions ¢4 4,(M) > «; and 64 (M) < a, are simultaneously verified. In this case, the ratio
Ay (M) /A (M) can be then considered a synchronizability metric.

S. Boccaletti et al.: Preprint submitted to Elsevier Page 42 of 74



The structure and dynamics of networks

2 T 2 T 2 T
[x;x,, 0, 0] [y; ¥y 0, 0] [z;2,, 0, 0]
0.1 2
0.4 b
: l\__JﬂM‘””J/ g !
£0.2 £
< < c
0—— — — — — o === — — 7
10 1072 100 10% 1072 100
(0% o (0%
2 T 2 T 2 T
[0, x;x,, 0] [0, v}y, 0] [0, z;z,, 0]
2 0.2 1.5
d e
x x — _ e — ] x 1
8 1 s O 3
£ £ £ 05
< ] < 02 < ge——_ _ _ f |
e -0.4 0.5
104 1072 100 104 1072 100 104 1072 100
« (0% (0%
2 T 2 T T
[0, 0, x;x, ] [0,0,yy,l [0,0,2Z,1]
2 3 1
%1 ; 52 % 05 ﬁ_’j
1S 1S 1
<, g < Wl = oF===== =
fffffff ob—==—""_h_|
T 0.5
104 1072 10° 104 1072 10° 1074 1072
o o (0%

Figure 27: Synchronization in hypergraphs of Raossler oscillators, for the case of a natural coupling. The Master Stability
Function is computed for each of the nine selection of the coupling function h®. The corresponding expression for h("
can be derived taking into account condition (40). Figure reprinted from Ref. [27].

This implies that, for the case of natural coupling, the steps required to study synchronizability reduce to two. The
first consists in computing A, (a), and only pertains to node dynamics and coupling functions, whereas the sec-
ond depends on the higher-order coupling configurations, and requires one to check whether A, is negative for «
in {o; 4, M, ...,01Ay(M)}. Gambuzza et al., [27] illustrated the different MSF types on networks of Rossler oscil-
lators and Lorenz systems [193, 194], respectively, which are paradigmatic examples of chaotic systems with three-
dimensional state. Namely, the state of the i-unit in the system will be x; = (x;,y;,z;)" € R>, and the individual
dynamics for the Réssler is described by the vector field f(x) = [~y; — z;,x; + ay;, b + z;(x; — x)]T, while for the
Lorenz system is £(x) = [y; — x;, x;(p — 2;) — ¥, X;¥; — p’zi]T. For both systems, the parameters have been selected so
that the resulting dynamics is chaotic (for the Rossler oscillator a = b = 0.2, ¢ = 9, and for the Lorenz system ¢ = 10,
p=128,and g = 8/3).

The different MSF types for both individual dynamics have been then computed with nine different kinds of natural
coupling functions, and are depicted in Fig. 27 for the Rossler oscillator and in Fig. 28 for the Lorenz system. Both
cases exhibit a variety of behaviors that encompass all the three possible classes of problems. In the case of Rossler
oscillator, there is one class III example [Fig. 27(a)], one class II example [Fig. 27(e)], while all the remaining cases
correspond to class I. In the case of the Lorenz system, there are several examples of class I problems [Fig. 28(c), (f),
(g), and (h)], three of class II [Fig. 27(a), (d), and (e)], and two of class III, one characterized by a narrow parameter
region for synchronization [Fig. 27(b)], and the other where the MSF assumes negative values in two different intervals
of a [Fig. 27(1)].

4.2. Synchronization of non-identical systems

The study of synchronization of non identical systems in the presence of higher order interactions has so far mostly
concentrated on the extension of the well-known Kuramoto model [195, 196]. In the 1980s, Kuramoto demonstrated
that an ensemble of phase oscillators in pairwise interaction through a sinusoidal coupling may achieve synchronization
depending on the intensity of their coupling strength [197]. Namely, Kuramoto discovered that an ensemble of all-to-all
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Figure 28: Synchronization in hypergraphs of Lorenz systems, for the case of a natural coupling. The Master Stability
Function is here calculated for several coupling functions. On the top of each panel, the expression used for h® is reported.
The corresponding expression for h") can be derived taking into account condition (40). Figure reprinted from Ref. [27].

coupled non-identical oscillators (each one of them rotating with an intrinsic frequency drawn from a given distribution)
experienced a second-order phase transition to global frequency synchronization (where all oscillators rotate with the
same frequency, equal to the average of the intrinsic frequency of each oscillator) as the pairwise coupling strength
increased. The elegant insight on the onset of synchronization in coupled dynamical systems, which was explained as
a pitchfork supercritical bifurcation leading to a second-order phase transition, attracted an intense research effort and
inspired research on other types of coupled oscillators, thereby making the Kuramoto oscillators’ model a prototype to
study the origin of synchronization.
In its standard incarnation, the Kuramoto oscillator model is described by

N

6, = o, Z sin(6; — i=1,...,N, (45)
j=1

where 6; is the phase and w; the intrinsic frequency of the i-th oscillator, respectively, K; > 0 is the coupling strength,
and N is the total number of oscillators. The complex order parameter

N
1
lzﬁz J—rle (46)

corresponds to the centroid of the phases, with y; being the average phase, and r; measuring the phase coherence. In
particular, a completely incoherent state corresponds to r; ~ 0, whereas phase synchronization to r; ~ 1. A detailed
description of the second-order transition from an incoherent to a synchronized state as a consequence of an increase
in K is contained in Ref. [198].

The Kuramoto model has been extended beyond all-to-all coupling and modified to also include multiple layers
of coupled oscillators [199, 200]. Its properties have been investigated for all possible graphs describing the pairwise
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interactions between the oscillators, and it has been applied to capture a wide range of biological and social sys-
tems [167, 195]. Recently, the model has been generalized to also include higher-order interactions, which have been
shown to induce a richer behavioral repertoire. For instance, it has been shown that the Kuramoto model may exhibit
abrupt desynchronization when three-body interactions among all the oscillators are added to [201] or replace [26]
the all-to-all pairwise interactions of the original model. Similar results have been obtained with a non-symmetric
variation of the Kuramoto model in which the microscopic details of the interactions among the phase oscillators are
described in the form of a simplicial complex [202]. A different approach has been proposed by Millan et al. [203],
who have formulated a higher-order Kuramoto model in which the oscillators are placed not only on the nodes but on
higher-order simplices, such as links, triangles, and so on, of a simplicial complex.

In what follows, we first focus on higher-order Kuramoto models with oscillators at the nodes, and start by ana-
lyzing the case where triadic interactions replace pairwise ones, then consider the case in which general higher-order
interactions combine with standard, pairwise ones; then we briefly overview the works that consider higher-order
interactions in multilayer Kuramoto oscillators, and discuss the effect of adapting the interaction strengths on the syn-
chronization/desynchronization transitions. Finally, we account for the work where oscillators are placed not only at
nodes but also at higher-order simplices.

4.2.1. Higher-order interactions
To illustrate the effects of higher-order interactions, let us start by considering a first instance in which, as suggested
in Ref. [26], triadic interactions replace pairwise ones:

K, NN
6, = w; + 722 Z Z sin(0; + 0, — 26,), @7
j=1k=1

where K, is the coupling strength for the three-body interactions, which is divided by N2 to account for the double
summation in the coupling protocol.

The Authors of Ref. [26] showed both numerically and analytically how the presence of three-body interactions
gives rise to a different and richer set of behaviors compared to the classic model (45). Their numerical analysis focused
on a system with N = 10° oscillators, intrinsic frequencies extracted from a Lorentzian distribution with zero mean
and spread equal to 1, and initial phases 8,(0) set to O with probability #, and to 7 with probability 1 —#, whereby # can
be viewed as an asymmetry parameter for the initial phase distribution. In the numerical experiment, the simulation
begins with K, = 16 and, after the steady state was reached, the parameter K, is slowly decreased to 0, and then it is
slowly reset back to 16. The experiment was repeated for different values of the asymmetry parameter #, which was
varied between 0.8 and 1, with step 0.05. As illustrated in Fig. 29, when decreasing K, the solutions traverse different
partial synchronization branches, with higher values of the order parameters r; corresponding to higher values of 7,
indicating multistability. An abrupt desynchronization transition appears at different critical values for K,, with a
continuum of transitions with the order parameter dropping to 0. On the other hand, when K, is increased back to 16,
no spontaneous abrupt synchronization transition is observed.

These numerical observations are mathematically backed in Ref. [26] by an analytical description obtained through
a variation of the Ott-Antonsen ansatz [204]. The presence of clustered oscillators in the desynchronized states has been
used then in Ref. [205] to explore the possibility of encoding and storing sequences of bits, analytically determining
which of the 2V potential steady states are stable.

At variance with Eqgs. (47), where the higher order interactions replaced the pairwise ones, another bulk of work
considered the simultaneous presence of pairwise and higher-order interactions. While the pairwise interaction func-
tion is always selected as in the classic Kuramoto model, different choices have been made for higher-order interaction
functions [206, 202, 207]. In what follows, we start by discussing the dynamics of an extended Kuramoto model
where the coupling functions have been chosen as in Ref. [202], for which the dynamical evolution of the phases can
be written as;

(k1 2(kl2l) & &

—_

K, K al
6, = w, + 1] Y Aysin(0; —0)+ ——=— D" ) B sin(20, — 6, — 6,)
A (48)

K N N N
b — ZZZC"J"’Sin(QJ+9k—'91_9i)’
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Figure 29: Multistability in the de-synchronization transition. The order parameter r; as a function of the coupling strength
K, = K for different values of the asymmetry parameter 5. Blue, red, green, orange, and purple circles are obtained from
simulation simulations of Eq. (47) with N = 10° oscillators for 5 equal to 1, 0.95, 0.90, 0.85, and 0.8, respectively. Figure
reprinted from Ref. [26], (©) 2019 by the American Physical Society.

where K and K3 are the pairwise and four-body coupling strengths, A;; is the entry ij of the adjacency matrix A
describing the pairwise interactions, B, is the entry ijk of the adjacency tensor B describing the three-body inter-
actions, and C;; is the entry ijkl of the adjacency tensor C describing the four-body interactions, and (kl41y is the
average generalized d degree of the hypergraph describing the coupling between the oscillators.

To obtain an analytic insight on the transitions taking place in Eq. (48), the Authors of Ref. [202] performed a
mean-field (all-to-all) approximation, and rewrote the oscillator dynamics as

6, = w; + %(He"gi — H*e'%), (49)

where H = K z; + Kzzzz + K;3z2z%, with * denoting the complex conjugate, and

11’

N
=%Z % = rye¥ (50)

being the 2-cluster order parameter.

In the thermodynamic limit, one can introduce the density function f (8, w, t), so that (6, o, t)d0dw is the fraction
of oscillator with phase in [, 8 + d@) and intrinsic frequency in [w, @ + dw) at time ¢. As the oscillators are conserved,
f needs to fulfil the continuity condition, whereby

af

=+ —f(9)— D

Expanding the density function in terms of its Fourier series, one obtains

0.0.0=52 1+Zf(a)t)e’"9+cc ,

with c.c. being the complex conjugate of the previous term, and g(®) an intrinsic frequency distribution.

Next, one can substitute the above Fourier series expansion of the density function and the expression of 6; in
Eq. (49) in the continuity equation, and then equate the coefficients of ¢ to calculate the coefficients f,,, which, in
principle, are infinite. To tackle this problem, Ott and Antonsen in their landmark paper Ref. [208] proposed the Ansatz
fu(@,1) = a"(w,t) for some function @ which is analytic in the complex w plane, with || < 1 to avoid divergence
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of the series. Upon inserting this Ansatz into the continuity equation, equating any power of "

dynamical equation for @, given by

collapses to a single

@ = —wa + %(H* — Hd>. (52)

Additionally, in the thermodynamic limit, the complex order parameter is

=//f(G,w,t)eledew=/a(w,t)g(w)dw.

For Lorentzian intrinsic frequency distribution with mean @, and spread A, one has zf = a(wy — 1At) and z ;‘2.

Substituting this in Eq. (52) evaluated at @ = @ — 1A, and taking A = 1, one finally obtains the following dynam1cs
for the order parameter r; and for the average phase y:

. K, 2, Koz ;5 2
Fl=-r + Trl(l —-r)+ > ri(l=rp), (53)
li/ = w()?

where K, 3 = K, + K5. Note that the dynamics of the order parameter can be studied independently of that of y, and
that r; = 0 is always a fixed point of the above equation, which is stable until a critical coupling strength and becomes
unstable through a subcritical or supercritical pitchfork bifurcation. The other fixed points are

Ky3— Ky = /(K| + Ky,3)? — 8Ky, 5
ry = . (54)

2K543

Note that the specific form of Eq. (53), with the fixed points depending on the sum of K, and K3, depends on the
choice of the coupling functions for the triadic and four-body interaction terms in Eq. (48), and alternative choices of
these functions may not yield a closed-form expression for the dynamics and fixed-points of r;.

In an all-to-all setting with N = 10* oscillators, Ref. [202] showed an excellent matching between the numerical
simulations and the theoretical predictions from Eq. (53). This is illustrated in Fig. 30 by plotting the order parameter r
as a function of the pairwise coupling strength K for higher-order couplings such that K, 5 is equal to 0, 2, 5, and 10.
This numerical experiment illustrates that, when the higher order coupling is sufficiently small, a second order transition
to synchronization occurs through a supercritical pitchfork bifurcation, taking place at a critical value of K ;ync =2 for
the pairwise coupling; however, when K, , ; overcomes a critical threshold (see, for instance, the cases K, 3 = 5,8, 10
in Fig. 30) the synchronization branch folds over itself, thus giving rise to hysteresis and abrupt transitions between
an incoherent and a synchronized behaviour. In this regime, at K lsync a subcritical (rather than supercritical) pitchfork

bifurcation occurs. Furthermore, at a lower value K ?esyno < K™ the synchronized branch first emerges through

a saddle node bifurcation. Interestingly, it can be noted that when K, is larger than 8, the synchronized branch
emerges at negative values of K, this meaning that higher-order interactions may stabilize synchronized states even
in the presence of repulsive pairwise interactions.

In a later work Ref. [207], Kovalenko et al. have been able to numerically illustrate and analytically explain that
a certain degree of synchronization may be observed also when both pairwise and triadic interactions are repulsive.
This intriguing result has been obtained in an ensemble of N globally coupled oscillators, described by

0, = w, +—Zsm(6 6)+—2251n(9 +6, —20,), (55)
j=1 k=
fori =1,..., N. Note that the triadic coupling function considered here is the same as model (47), but different from
the one selected for model (48). System (55) was studied in Ref. [207] by rewriting its dynamics as
6;=W;o;+ K (p—(p-0)0;) + Ky(p-5)(p~(p-0)5;), (56)

where o is the unit vector [cos(8,), sin(6,)]”, p is the mean vector Zl]il o,/ N, and W is the antysimmetric matrix

0 o
-w; 0)°
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1-simplex coupling, K1

Figure 30: Abrupt synchronization in simplicial complexes: All-to-all case. Synchronization profiles describing the
macroscopic system state: the order parameter r = r; as a function of 1-simplex coupling K, for higher order coupling
K,,;=0,2,5,8, and 10 (blue to red). Solid and dashed curves represent stable and unstable fixed points given by Eq. (54),
respectively, and circles denote results taken from direct simulations of Eq. (48) specified for the all-to-all case, and with
N = 10* oscillators. For K,,; < 2 and K,,; > 2 the pitchfork bifurcation is supercritical and subcritical, respectively.
Figure reprinted from Ref. [202].

Note that the use of Eq. (56) can be extended to capture the dynamics not only of 2-dimensional unit vectors, but also
of general D-dimensional vectors whose dynamics lie on the unit sphere SP~!. Kovalenko ef al. have been able to
analytically study Eq. (56) for both D = 2 and D = 3, obtaining a self-contained equation for the order parameter
ri=lpl =1zl

In Fig. 31 both the theoretical prediction and the numerical evaluation of the backward and forward transition to
synchronization are described. The theoretical predictions have been obtained by computing the fixed point from the
analytic expression for the order parameter r;, and then performing a parametric stability analysis that leverages the
findings reported in the Supplementary Information of Ref. [207]. From a numerical standpoint, the simulations have
been performed on an ensemble of N = 5, 000 oscillators, varying the coupling strengths K; and K, between —30 and
30. The backward transition has been inspected by setting the initial condition o;(0) to be all equal to a random unitary
vector e, in RP, whereas the forward transition has been sought by setting &;(0) to e, or —e , with equal probability
0.5.

The theoretical and numerical analyses offer further backing to previously observed phenomena, but also support
the existence of novel behaviours induced by higher-order interactions. As noted in Ref. [26], in the absence of pair-
wise interactions, the forward transition is inhibited, see Fig. 31, panels (b) and (f), and this is also true for D = 3,
see panels (d) and (h). However, the most intriguing evidence from Fig. 31 is that in the backward transition some
synchronization features are retained, and this is illustrated both analytically and numerically for D = 2, see panels (a)
and (e), respectively, whereas for the 3-dimensional case the phenomenon was only captured analytically, see panels
(c) and (e).

We remark that alternative functional forms for the sinusoidal coupling terms have been investigated, see for in-
stance the four-body interaction function selected in Ref. [206], which differs from the one proposed in model (48).
With this choice of the interaction function, and under the assumption of identical intrinsic frequencies, the Authors
were able to detect the emergence of chimera states without introducing phase-lag, and used the Ott-Antonsen mani-
fold to obtain an insight on such phenomenon. For the case of identical Kuramoto oscillators, the local stability of the
synchronized state has been studied on simplicial complexes of any order [204]. In an effort to generalize the treatment
for non-identical oscillators, Bick ef al. [209] proposed a framework based on a mean-field formulation involving prob-
ability measures, which allowed to consider virtually any type of higher-order coupling functions, and the presence
of multiple interacting populations of oscillators. Using this formalism, the Authors identified invariant subspaces of
synchrony patterns, and provided a suitable definition of stability that allowed to show how the all-synchronized state
can be shown to be locally stable.

4.2.2. Multilayer and adaptive wirings
The first work discussing the simultaneous presence of two layers and of higher order interactions was Ref. [26],
where the Authors investigated the impact that the higher-order system Eq. (47) has when acting as a driver layer on
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Figure 31: The synchronization scenario in parameter space. Theoretical predictions (panels (a) to (d)) and numerical
simulations (panels (e) to (h)) for D = 2 and D = 3 of the order parameter as a function of the coupling strengths
(K, = A4, K, = 4y). Panels (a),(c),(e).(g) refer to the backward transition, whereas panels (b),(d),(f).(h) to the forward
transition. In panels (a)—(d), the values around the line A4, = —4, of the quadrant defined by 4, > 0 and 4, < 0 are
interpolated. In each panel, the synchronized (incoherent) the state is represented by the red (blue) color, and the values
of the order parameter r; = R are coded according to the vertical color bar reported at the rightmost of the figure. For
better representing the results, in the semi-plane 4, < 0 a vertical logarithmic scale is adopted for |4,].

Figure reprinted from Ref. [207], (© 2021 by the American Physical Society.

a standard, pairwise layer of Kuramoto oscillators. Reference [26] numerically illustrated how the higher-order layer
effectively drives the pairwise one only when the coupling between the layers dominates the pairwise coupling term.

A later work then focused on more general multilayer structures, where all layers may exhibit higher-order in-
teractions described by all-to-all simplicial complexes [210]. Namely, the Authors focused on two interconnected
layers, and introduced an order parameter for each of the layers. To reveal the multiple routes to first-order transition
to synchronization associated with different basins of initial conditions, Jalan and Suman extended the Ott-Antonsen
approach to two-layer networks, thereby analytically obtaining the entire phase diagram for the order parameters as a
function of the coupling strengths.

Adaptation in pairwise interactions has been an intensive area of research grounded on an empirical observation
that connection strengths between pairs of dynamical units in real-world systems change with time. In networks whose
structure and weights evolve with time, the dynamics of evolving units affects their connections and vice versa [211,
212, 213, 214, 215, 216]. One of the adaptation schemes widely considered in Kuramoto oscillators with pairwise
coupling is based on the Hebbian learning rule, first postulated by Hebb [217] and later supported by experimental
evidence [218]. The Hebbian learning rule relies on the principle that “cells that fire together, wire together”. Indeed,
it has been observed that the synaptic coupling between a pair of neurons is strengthened or weakened if the two
neurons are or are not simultaneously firing as a consequence of presynaptic and postsynaptic spikes. If the relative
spike timing is coded in terms of the phases of the oscillators, a neural network can be described as a network of phase
oscillators. The adaptation implemented on connection-weights ensures that such Hebbian learning mechanism on
pairwise coupled Kuramoto oscillators drives e.g., the emergence of cluster states [219], mesoscale structures [220],
and explosive synchronization [221] in complex networks. In the presence of higher-order interactions, a natural
research question is to understand the impact that the adaptation of the hyperedge weights has on the evolution of the
oscillator dynamics.

A natural extension of the Hebbian learning rule was proposed in Ref. [222, 223], where the phase-evolution of N
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non-identical Kuramoto oscillators coupled on a simplicial complex is described by

K, < K, <

N 1 .

9,=a)i+W2AUsm(9j—0,) STEN ZB,Jksm(ZQ -6, —0), (57)
j=1

and, at variance with the static case, the elements A;; and B, of the adjacency matrices and tensors, respectively, that
describe the simplicial complex are adapted as
A;j =acos(0; —6;) — uA;;,

. (58)
B, = pcos(20; — 0, — 0,) —vB

ijko

where a, f, u, and v are positive scalars.

In the absence of adaptation, Eq. (57) would exhibit a first-order phase transition to global synchronization for
various synthetic and real-world higher-order coupling [80, 224, 225, 226]. This transition is illustrated in Fig. 32,
panel (a), which reports simulations of model (57) on a random 2-simplicial complex of N = 103 oscillator, with
average degrees (k[!!) = 14 and (k*!) = 10, and intrinsic frequency uniformly drawn from in the interval [—1, 1]; and
where 4 1= K + K, is first adiabatically increased from 0, and then adiabatically decreased until 0. The simulations
were carried out for different value of the parameter 0 < p = 4,/4 < 1, which allows to balance the relevance of
pairwise interactions, whereby large (small) values of p corresponds to the dominance of triadic (pairwise) interactions.
In the static setting, where all A;;s and B; ;s are equal to 1, a first-order forward and backward transition is observed
for all p. Increasing p, the forward transition to synchronization is observed at larger values, and a prominent hysteretic
behavior is observed.

On the other hand, when the strength of the interactions is adapted according to Eq. (58), the phase coordination in
a unique cluster is prevented, whereby one observes the order parameter | (denoted R, in Fig. 32) to be approximately
zero for all A and p, as illustrated in panel (b). Nonetheless, monitoring the 2-cluster order parameter r, (R, in Fig. 32),
one sees that the adaptive model admits a 2-cluster state as a stable solution instead of global synchronized state of the
static case. The abrupt transition to a 2-cluster states happens at larger values of A, which increases with p; larger values
of p also correspond to a more prominent hysteretic behaviour. It has to be remarked that, as noted in Ref. [222], in
the absence of pairwise interactions (that is, when p = 1), there is no forward transition to synchronization for random
initial conditions.

To capture the onset of the 2-cluster state, Kachhvah and Jalan [223] used the Ott-Antonsen approach that, for
Lorentzian intrinsic frequency distribution with mean w,, and spread A, allowed them to obtain the following differ-
ential equation for the 2-cluster order parameter z, [for its definition, see Eq. (50)]:

/1z2 x, P * Afa B«
Zy = 21092y — 280z, — —= (l )22 + ;pz2z4 + 5 ;(1 - D)z + ;pz2 Z4 |- 59)

Looking at Eq. (50), one can then obtain the dynamics of r, and y,, which can be shown to be decoupled. Studying
the fixed points of r, and their stability, a bifurcation analysis can be performed, showing that the forward transition to
a 2-cluster state happens through a sub-critical pitchfork bifurcation, with the fixed point r, = 0 becoming unstable.
In Fig. 32, panels (c) and (d) show that the theoretical predictions provide meaningful insight on the numerical results.

4.2.3. Dynamics on hyperedges

The hypergraph formalism allows one to model dynamical processes where the signals are associated not only to
the nodes, but also to hyperedges of different dimensions, which include, links, triangles, and so on. Such signals,
defined on higher-order structures, are called topological signals, and are of interest in the context of higher-order
synchronization [227] and in signal processing [123, 124]. The interaction between topological signals defined on
hyperedges of different dimensions in non-trivial. For instance, the synaptic activity and cell body activity of a neuron
can be affected by the gliomas in brain tumors [228].

Based on the formalism introduced in Ref. [203], Ghorbanchian et al. in Ref. [229] studied a topological Kuramoto
model where the topological signals are defined on the nodes and links, as illustrated in Fig. 33. Focusing on all-to-all
simplicial complexes, they leveraged algebraic topology to gather an understanding of the emerging dynamics, whereby
phase dynamics was projected on nodes and on triangles by means of suitably defined incidence matrices. Namely,
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Figure 32: Comparing the r, and r, order parameters’ behavior. Panels (a) and (b) report the order parameters r; = R,
and r, = R, as a function of 4 = K, + K, computed from numerical simulations of N = 10° oscillators intrinsic frequency
uniformly drawn from in the interval [—1,1], whose dynamics are described by model (57), and coupled on a random
2-simplicial complex with average degrees (k') = 14 and (k') = 10. In the legend, a superscript f (b) corresponds to
points obtained when A is adiabatically increased (decreased). Panel (a) corresponds to the case of static interactions,
where all A;; and Bj; are 1, whereas panel (b) corresponds to interaction strengths adapted through Eq. (58). In panels
(c) and (d), numerical and analytical predictions of the onset of a stable 2-cluster state is illustrated in the (r, = Ry, 4)
plane for an all-to-all connected 2-simplicial complex of N = 10* oscillators, with Lorentzian distribution of the intrinsic
frequencies with spread A = 0.1, and parameters parameters y and v of the adaptive law (58). In panel (c), the parameters
a and B of Eq. (58) are set to 1, whereas p is varied between 0.2 and 0.9; in panel (d), p is set to 0.9, whereas a is set
equal to # and varied between 0.25 and 1. The solid and dashed lines are the respective theoretical traces of stable and
unstable solutions. Figures reprinted from Ref. [223], (©) 2022 by the American Physical Society.

the Authors of Ref. [229] showed that for such a model, the coupling between the signals associated to nodes and links
produces an explosive synchronization phenomenon, in which phases defined on nodes synchronize simultaneously to
phases defined on the hyperlinks. The proposed model was numerically tested both on synthetic simplicial complexes
and on real connectomes [230, 231].

In a later work, Arnaudon et al. [232] further generalized the model to consider weights on any simplices, and
both linear and nonlinear frustration terms, yielding a natural simplicial generalization of the Sakaguchi-Kuramoto
model [233]. The Authors discovered novel dynamical phenomena, which include the emergence of simplical phase
re-locking in regimes of high frustration.

4.3. Consensus dynamics

Consensus dynamics arises in many fields of science and engineering when a group of agents needs to agree upon
a certain quantity of interest. Notable examples include opinion dynamics [234] (where groups of individual interact
to find an agreement on a certain topic of discussion), wireless sensor networks [235] (where a given quantity, e.g.,
the temperature of a room, needs to be estimated in a distributed fashion), or rendez-vous problems in robotics [236]
(where an ensemble of robots needs to meet in a certain point of the state space).

Starting from various seminal works of the seventies and eighties [237, 238, 239, 240], researchers have pointed
out the topological properties of the interaction graph that were required to achieve consensus in the network. One
of the crucial findings was that, for static graphs, the existence of a directed spanning tree in the graph would suffice
for consensus in networks of simple integrators, and the analysis was later extended for time-varying [241], state-
dependent [242], and dynamic topologies [214]. These models consider pairwise, independent interactions, and do
not take into account the multibody effects on agents that belong to the same group, albeit, for instance, the dynamics
in a social clique is also shaped by mechanisms of peer influence and reinforcement [22]. Recently, several studies
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(a) (b)

Figure 33: Schematic comparison of the standard Kuramoto model on a graph with the topological Kuramoto model
on a simplicial complex. Panel (a) shows a graph where to each node, say i, is associated to a dynamical variable,
namely its phase ;. The synchronization between these variables is captured by the standard Kuramoto model. Panel
(b) shows a simplicial complex formed by nodes, links, and triangles (here shaded in orange) in which a dynamical
variable is associated not only to nodes, but also to the links, e.g., a variable ¢,; will be associated to a link (i, /). The
coupled synchronization dynamics on the simplicial complex are described by the higher-order topological Kuramoto model
formalized in Ref. [203, 229]. Figure reprinted from Ref. [229].

have been conducted to take into account these higher-order interactions, by leveraging the formalism of simplicial
complexes and hypergraphs [157, 227, 243, 244, 245, 246, 247].

As we will show in the following, there are two directions in which consensus-like diffusion dynamics can be
extended on hypergraphs. One is to maintain the association between states and nodes, whose evolution will depend
on the combined states of all the nodes inside each multibody interacting unit. Another alternative is to associate a
state variable and a dynamic flow to each simplex.

A first extension of standard, pairwise dynamics is to account for the interactions between triangles of users. With
this goal, Neuhduser et al. [157] considered an ensemble of N nodes connected through a hypergraph H composed by
a set of undirected triangles 7', which can be described by the adjacency tensor A € RN*NXN whose element i jk is

1, if{i,j,k} €T,
Aijk={

. (60)
0, otherwise.

Notice that, since the triangles in 7 are undirected, A is symmetric in all dimensions, and that the Authors of Ref. [157]
assumed the absence of pairwise interactions. Each node in the system, say i, is associated to a scalar state variable x;
and its nonlinear consensus dynamics can be written as

N
5= ) A S0 x %), i=1,..N, (61)
jik=1
jk
£90

where R3 — R is the interaction function associated to the triangle (i, j, k) and its symmetries are aligned with

those of A, whereby fl.(j B = fi(kj ) = fi{j k) for all i. The Authors observed that, when the interaction functions are
linear, the three-body interactions can be expressed as linear combinations of pairwise interactions, and therefore (61)
could be studied as a standard consensus problem on an equivalent undirected graph. With the goal of mimicking
multibody phenomena that are relevant in sociology, such as peer pressure [248] and homophily [249], Neuhiuser et
al. then focused on the following form for the interaction functions:

S = %s(lxj =D () = x) + (5 = X)) (62)
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Figure 34: The numerical simulation of model (61) - (62) in the mean field approximation. The function s(z) has been
selected as 2exp(4z), and the initial configuration such that 80% of the nodes are initialized with 0 and 20% with 1.
The average state (red solid line) is conserved only for 4 = 0 (center panel). On the contrary, or A < 0 (left panel), the
average state shifts towards the majority following a reinforcement effect, whereas for A > 0 (right panel), the opposite
happens, with the dynamics drifting towards balance. In all panels, the dotted red line corresponds to the initial average
state, whereas the dashed blue line corresponds the final state approximation proposed in Ref. [157]. Figure reprinted from
Ref. [157], (©) 2020 by the American Physical Society.

thereby assuming the interaction functions being the same for each triangle. In analogy with the classic consensus
model on graphs, model (61) - (62) was called three-way consensus model (or 3CM) by the Authors. Note that, if
the function s is monotonically decreasing, then the effect of nodes j and k on node i is reinforced if their states are
similar, whereas it is reduced if their states are very diverse.

Note that the interaction function (62) is symmetric with respect to i and j, and therefore it is consistent with the
choice of an underlying undirected topology. It is possible to then describe the network dynamics in terms of a time-
varying, weighted graph. To this aim, the Authors introduced a state-dependent adjacency matrix &/ (¢), whose element
ij can be defined as

Ay = Ags(lx; —x =Y s(lx; = x.D)s (63)
k

=

where 7;; is the index set of the nodes that form a triangle with i and j. Denoting & the state-dependent Laplacian
matrix associated to &/, it is then possible to rewrite the dynamics (61)- (62) as

Y, ==Y Z,0x;,  i=1_..N, (64)
J

which, in compact matrix form, becomes
x =-Z@)x, (65)

where x = [x; ... ; xy]. Interestingly, the Authors showed that, albeit the hypergraph is undirected, the time-varying
adjacency matrix & is not symmetric, and therefore the average state is not constant as in consensus over undirected
graphs. The way the average state shifts will depend on the interplay between the influence function s in Eq. (62), the
initial conditions of the node states, and the hypergraph topology. In particular,

1. In the mean field, that is, when the hypergraph is fully connected, the shift only depends on the initial state
of the node. In particular, when the initial state is uniformly distributed in a finite interval, the average state
does not change, whereas an asymmetric distribution yields a variation in the average state. In the latter case,
the shift will depend on the selection of the interaction function s, as illustrated in Fig. 34. In particular, the
Authors showed that, assigning binary initial conditions, with 80% of the nodes initialized with 0 and 20% with
1, a monotone decreasing interaction function yields a shift of the average value towards the majority, whereas
a monotone increasing interaction function tends to balance opinions.

2. When the mean field assumption is dropped, the topology of the hypergraphs will affect the final consensus value
and the rate of convergence. For instance, Neuhéuser et al. considered a network of 100 nodes, with two fully-
connected clusters of 10 nodes, named A and B where the nodes of cluster A had initial condition 0, whereas
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Figure 35: Numerical simulation of model (61) - (62). The network is here is composed by two fully connected clusters, A
and B, interconnected by 80 randomly placed triangles, so that a fraction p € [0, 1] of them is directed towards A. The
function s(z) has been selected as 2 exp(4z), with 4 = —100 so that pairs of nodes with similar state exert a much stronger
influence on other nodes. The final consensus value (left panel) and the rate of convergence (right panel), averaged over 20
simulations, are reported. The error bars correspond to one standard deviation. Figure reprinted from Ref. [157], () 2020
by the American Physical Society.

the nodes of B were initialized with 1. The two clusters were connected by 80 randomly placed triangles, so that
a fraction p € [0, 1] of them is directed towards A, in the sense that two of its nodes belong to B and one to A.
The Authors varied p from 0 to 1 with step 0.25, and computed the average and standard deviation of the final
consensus value. Despite the fact that the hyperedges are undirected, p # 0.5 determines an asymmetric flow of
influence between the two clusters, with the average consensus value shifting from 0 to 1 as p varies from O to
1, and with a higher standard deviation the closer p is to 0.5, as it can be seen in the left panel of Fig. 35.

The study of consensus dynamics over hypergraphs was later extended to topologies with hyperedges of any di-
mension [244, 246], and to the case in which the hypergraph topology changes over time [243, 247]. Sahasrabuddhe
et al. [246] introduced a general model of consensus dynamics over hypergraphs which do not pose any restriction on
the cardinality of the hyperedge. Let H = {V, £} a generic hypergraph, with V and £ being the sets of its nodes and
hyperedges, respectively. The dynamics of the 3CM in Eq. (61) on H then becomes

%= ) fM XX, ), i=1,00N, (66)
heé&

where

, ZS{(xi,xj,xk,...)(xj - X;), i €h,
fi (x[’xj’xk"'-): jeh (67)
0, otherwise,

where s{ (h), invariant with respect to any permutation of the indices k € A that are neither i nor j, captures the overall

influence of the hyperedge h. In the special case where s{ = s; for all i, j, that is, when the scaling functions are
independent of acting node, model (66) can be rewritten as

N
o 1 () _
X; —’;(n_z)!j; A[jk__.s,-(xi,xj,xk,...)(xj—xi), i=1,...,N, (68)

where A" is the adjacency tensor describing all interactions through hyperedges of cardinality i. As in the case of
three-way interactions, from Eq. (68) it is possible to introduce an equivalent state-dependent Laplacian matrix Z(¢)
so that

x =-=ZL()x. (69)

Alternative choices of the nonlinear scaling function model different types of multi-way consensus dynamics. In
particular, the Authors of Ref. [246] considered two conceptually different submodels of Eq. (68). The first, called
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Figure 36: Numerical simulations of models MCM-I (left panel) and MCM-II (right panel) on a fully connected hypergraph.
N = 10 nodes, and the function g,(z) in Eqgs. (70) and (71) has been selected as exp(4z). The final consensus value as a
function of the initial average node state is reported. Figure reprinted from Ref. [246].

multi-way consensus model I (or MCM-I) captures homophily, whereby given a node i of a hyperedge 4, the interaction
function is chosen as

81 (X X5 Xges ) = &i([{x)p — x; 1), (70)

where (x),, is the average state of the nodes belonging to A, and g; is a nonlinear function. In the context of opinion
dynamics, Eq. (70) can be interpreted as a function of the distance between the opinion of i and the average opinion
of the group A.

The second selection of s; captures instead conformity and constitutes what the Authors called multi-way consensus
model II (or MCM-II):

8% Xjs Xpes ) = & (1{x) /i = X; 1), (71)

which can be interpreted as a function of the distance between the opinion of an individual j with respect to the average
opinion of the group except i, whereby the influence of node j within hyperedge # depends on how close its opinion
is with respect to that of the rest of the group.

Sahasrabuddhe et al. [246] illustrated the fundamental differences between these two submodels of (68) on a fully
connected hypergraph of N = 10 nodes where they chose g;(z) = exp(4z) for all i, with A being a real number, and set
the initial state of ny nodes to 0, and of the remaining N — ny nodes to 1. As illustrated in Fig. 36, the two submodels
evolve in opposite ways: the left panel shows that, for MCM-I, when g; is monotonically increasing (4 > 0), the average
node state drifts towards the opinion of the initial majority, whereas when g; is monotonically decreasing (4 < 0) the
opinions drift toward those of the initial minority. The exact opposite happens when MCM-II is considered, see the
right panel of Fig. 36.

4.3.1. Consensus on time-varying hypergraphs

Most of the works on higher-order interaction, with the exception of Chowdhari et al. [120] in the context of social
contagion, have focused on static hypergraphs. However, in several applications, the topology of the interactions
between the agents of the network evolves on a time scale that is comparable to that of the dynamics taking place
on the nodes, and therefore cannot be neglected. Two alternative approaches, which we will review in the following,
have been considered when the hypergraphs evolve in time. In the first, explored in Ref. [243], the Authors resort
to temporal hypergraphs to describe a time-varying network topology. A second approach was followed by Schawe
and Hernandez [247], who considered instead a state-dependent evolution of the hypergraph in a generalization of the
Deffuant-Weibusch opinion dynamics model [250].

Dynamics on temporal hypergraphs A temporal hypergraph is a natural extension of the concept of temporal
network over a standard graph (see, e.g., Ref. [144] and references therein). Neuhiuser er al. [243] extended the
three-way consensus model (61) - (62) over a temporal hypergraph described by a sequence of adjacency tensors
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A ARL | each describing the topology of a hypergraph in a time-period of length z. As in the static case, these

adjacency tensors can be associated to the corresponding state-dependent Laplacians, namely LI, L], .| therefore
yielding to the following temporal 3CM:
()= -L¥0x@), -Dr<t<tr, ¢=12,... (72)

Note that when the interaction function s in Eq. (62) is linear, & [#](f) becomes a constant Laplacian, model (72) can
be solved analytically, and conditions for consensus can be given, see Ref. [251]. For general nonlinear interaction
functions, an analytical examination of the properties of Eq. (72) becomes difficult, thus preventing the comparison of
consensus dynamics over temporal hypergraphs with those over the corresponding time-aggregated static counterpart,
obtained by averaging the adjacency tensors over time. For this reason, the Authors of Ref. [243] decided to rather
compare the state dynamics on the time-aggregated hypergraphs with the average state dynamics on what they called
a random temporal hypergraph, that is, a hypergraph whose topology, in each time-window, is drawn at random from
a multiset of r, possibly repeating Laplacian matrices. Neuhduser ef al. showed that, in the case of a linear interaction
function, the temporal dynamics are slower than the time-aggregated dynamics. Additionally, when the interaction
function is nonlinear, they also observed a first-mover advantage, whereby groups that are in the local majority in
early-active hyperedges have a higher influence on the final consensus value.

Deffuant-Weisbuch (DW) on hypergraphs Schawe and Hernandez in Ref. [247] focused on the higher-order in-
teraction that may take place on the classic Deffuant-Weisbuch model. In the DW mode, at every time step an edge
from a backbone, static graph G is selected, and the corresponding pair of agents update their opinion only if their are
sufficiently close to each other. Therefore, the effective network topology in the DW model is a state-dependent graph
G, (1), since the interaction between any pair of agents (i, j) can take place only if (i, j) belongs to G and their opinions
are not too far from each other.

The DW interaction mechanism has been then generalized to hypergraphs in Ref. [247], which considered as
backbone topology a hypergraph H, and selected at every time step a hyperedge h in H, whose nodes would update
their opinion only if the maximum and minimum opinion in the hyperedge h were not too far away. This means that the
effective network topology in the DW model is a state-dependent hypergraph H,(¢), whereby the interactions between
a group of nodes belonging to a hyperedge 2 € H take place only if the extremal opinions in 4 are sufficiently close.
In this setting, at every time-step k, a hyperedge s € £ is selected, and the opinion of each member of 4 is updated as

ﬁ D ox0,  ifhe H,@),

x(t+1)= jeh (73)
x;(1), otherwise,
for all i € h, where
heH,(t) < maxx;(f) —minx;(t) <, (74)
jen jen

with € > 0 being the confidence interval for the interaction to take place. This interaction rule models situations where
an individual with a very different opinion in a subgroup may halt the discussion and prevent the achievement of an
otherwise possible agreement between the other members of the subgroup. This implies that large groups have a low
probability to achieve an agreement.

To explore the properties of such a modified DW model, the Authors of Ref. [247] performed numerical simulations
on different types of k-uniform hypergraphs. In all simulations, they considered 1,000 independent realizations of the
system for each value of €, which is varied between 0 and 0.6 with step 0.002.

Figure 37 illustrates the effect of higher-order interactions on k-uniform Erd8s-Rényi (ER) hypergraphs. Compared
with the classic DW model, which corresponds to the case k = 2, it can be noted that the average size of the largest
opinion cluster is approximately naught for a larger range of confidence &, since, as discussed above, the interaction
is more difficult the larger is the cardinality of the hyperedge. Furthermore, the phase transition from polarization
to consensus, which is sharper for larger system size, disappears for k > 4. Schwaze and Hernandez then showed
that these numerical findings are confirmed on homogeneous Barabasi-Albert hypergraph, with the difference that the
polarization plateau disappears already for k£ = 3. The Authors suggest that this could be due to the presence of hubs
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Figure 37: Size of the largest cluster. Mean size (S') (averaged over 1,000 realizations) of the largest cluster as a function
of the confidence £ for model (73) - (74) on k-uniform ER hypergraphs with expected mean degree 10 and for different
number of nodes N. Panels (a), (b), (c), (d), and (e) correspond to k equal to 2, 3, 4, 5, and 6, respectively. The insets
show the variances Var(S) of the largest cluster across the realizations. Figure adapted from Ref. [247].

that, belonging to a large number of hyperedges, are more likely to interact and form a large cluster compared to the
other nodes. On the contrary, in regular, spatial hypergraphs, where the hyperedges are composed by the k-closest
neighbors, the behavior is qualitatively different, and presence of higher-order interactions induces a sharp, albeit
continuous, transition from complete fragmentation to consensus.

Majority rule (MR) models In opinion dynamics, a large bulk of work has considered agents that have to focus on
a finite number of options, and often the focus was restricted to the paradigmatic two-option case, see for instance the
already mentioned voter model of Ref. [252, 253, 254], where at every step an agent adopts the opinion of one of its
neighbors in a graph. In the majority rule (MR) model [255], instead, at each update event a group of m > 3 agent
is selected in the population, and the group simultaneously adopts the opinion of the majority (if m is even, then the
opinion is either selected randomly, or a bias for one opinion is introduced). Since the MR model introduces group,
rather than pairwise interactions, the use of graphs to encode such interactions is questionable, and therefore Noonan
and Lambiotte in Ref. [256] proposed to model and study the model on hypergraphs, and restricted their investigation
on the case where groups of m = 3 agents interact at every time-step.

The Authors considered therefore a hypergraph H with node set V(H) = {1, ..., N} and whose hyperedges are
only triangles. Denoting with 7 (H) the set of its triangles, at every time-step a hyperedge h € T is selected, and the
majority rule is applied to the nodes in 4. The MR dynamics were then derived in terms of Fokker-Planck equations,
and the Authors showed that, for large number of agents, in the stochastic dynamics the drift term dominates over the
diffusion term, thus making a deterministic approximation accurate.

The effectiveness of this approach was illustrated over different hypergraph topologies. In the mean-field case
where 7 contains all possible triangles, the Authors were able to accurately predict the density p of agents having state
1 at time ¢. In particular, defining x = (2p(0) — 1)? /(p(0)(1 — p(0))) they obtained the following approximation

% (1 —1-4/G +4x exp(3t))) . p(0)<0.5,

% (14 VI—4/@+aceaBn). »0) > 05,

p(t) = (75)

which, for N = 10%, showed an excellent agreement with numerical simulations, with consensus achieved on O for
p(0) < 0.5, oron 1if p(0) > 0.5.
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Figure 38: Exit probabilities. Exit probability on a tripartite hypergraph of N = 900 as a function of p,(0) and p,(0),
which are varied on a grid with uniform mesh size 0.01. Left, center, and right panels correspond to p,(0) equal to 0.25,
0.5, and 0.75, respectively. The line p,(0) + p,(0) = 3/2 - p,(0) is depicted in dashed red, and blue (below the dashed line)
and yellow (above the dashed) lines correspond to consensus achieved onto 0 or 1, respectively. The blue dots represents
the outlying simulations that are not in agreement with approximation Eq. (76). Figure reprinted from Ref. [256], (©) 2021
by the American Physical Society.

Then, Noonan and Lambiotte analyzed the dynamics over a tripartite hypergraph, where the agents were grouped
in three sets V,, V;, and V., and the set of triangle 7 (H) consisted of all possible triplets with one agent in each set, that
is, TH) ={{i,j,k} : i€V, j€V,keV,}. Forlarge N, they have been able to approximate the dynamics of the
densities p,, p, and p, of the agents in V,, V,, and V,, respectively, that have opinion 1, and found two asymptotically
stable fixed point ([0,0,0] and [1, 1, 1]) and a saddle point [1/2,1/2, 1/2]. Furthermore, they were able to accurately
predict the exit probability E(p,), that is, the probability that all agents reach consensus on 1 if the initial conditions
are given by pg, as

Epy) = {0, if p,(0) + py(0) + p.(0) < 3/2,

. (76)
L if p(0) + py(0) + po(0) < 3/2,

which is in excellent agreement with the numerical simulations illustrated in Fig. 38.

Furthermore, the Authors also extended the analysis to the case of modular hypergraphs and to hypergraphs with
different node weighting. Interestingly, when considering a modular hypergraph with two fully connected communities
linked by a number of intra-community triangle c, they were able to predict the threshold on ¢ so that the MR model
transitions from the coexistence of different opinion in different communities to global consensus.

4.3.2. Consensus in simplicial complexes

In all consensus models presented so far, it is assumed that the dynamics takes place on the nodes of a hypergraph (or
of a simplicial complex), whose topology only affects the interactions taking place between the nodes. An alternative
take on higher-order consensus dynamics is to consider that a state variable is associated to each simplex (or hyperedge)
and formulate flows on simplices of any dimension, and this is the path followed by DeVille in Ref. [227].

Given a simplicial complex X of maximal dimension D, and denoting X ; the set of its simplices of dimension d,
it can be defined, for alld = 0,1, ..., D, the R-vector space with basis given by the elements of X ,. For each d, the
following boundary map can be defined:

d
A )
[0gs s 0] — D (=D, s Dy 0],
1=0
where v; (a 0-simplex) is a vertex of X, square brackets indicate that a simplex is ordered, and [vy, ..., D;, ..., v ]

denotes [vy, ..., v ]/v;. Furthermore, the Authors introduced a function w : C,(X) — C,(X) for each d, which
associates the weight w(F) to each simplex F € X. Picking a basis that corresponds to (any) ordering of the simplices
in X, one can then obtain B; and W as the matrix representations of d; and w, respectively.

Let f : R — R be a function such that £(0) = 0 and f’(0) > 0, which induces a vector function f : R" — R"
such that the i-th component of (x) is defined as f(x;). Given some w; € Cy;(X),d = 0,..., D, DeVille defined the
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consensus dynamics on the simplicial complex X as

%90 = wy — Wy ' ByW £(B[6). (782)
d _ _

3=~ (W' By Wy £(B), 0,) + ByW, " £(B,W,0,)) . 1<d<D, (78b)
d _

0=~ Byw ! £(BpWipo)p), (78¢)

and called the d-th equation as the d-simplex flow (the O-simplex will be the “vertex flow” and the 1-simplex the “edge
flow”). This choice for the simplicial flow Egs. (78) ensures that (i) it reduces to standard consensus models when the
simplicial complex is a graph, and (i) the dynamics of each simplex are coupled only to those of the simplices to which
it is related by boundary operations. Interestingly, with respect to point (i), DeVille showed that an appropriate choice
of its parameters makes the vertex flow Eq. (78a) equivalent to the flow of the network dynamical system

N

axi =¢ - 2 aijf(xj =X, (79)

Jj=1

on a graph G = {V, £}, where a;; is the element (i, j) of the symmetric adjacency matrix associated to G. The vertex
flow Eq. (78a) is equivalent to Eq. (79) when B is the incidence matrix of G, W] is a |€| X | €| matrix with (W)),, = a,
corresponding to the weight of edge e € €, Wy = I, and wy = [{3; ... 5§, ]

DeVille then characterized the solutions of the simplicial flow Eq. (78), and their stability properties. In particular,
noting that the composition map d;00d,, | = 0, itis natural to define the d-th homology group H;(X) := kerd,; /Imd,,
ford = 0,...,D — 1. Solutions x,; € kerB; +1 NkerB; W, are then called homological solutions since they form a
basis for H,;(X). The Author of Ref. [227] showed that, linearizing around a homological solution, a negative semidef-
inite operator is obtained, but asymptotic stability cannot be concluded in general, since they might have multiple zero
eigenvalues. However, when £(0) = 0 and £/(0) > 0, it can be shown that the set of homological solutions is asymptot-
ically stable in the sense that any sufficiently small perturbation would relax to the subspace of homological solutions
exponentially fast.

Nijholt and DeVille [245] then further explored the dynamics of systems defined over simplicial flows. In partic-
ular, they provide a method to build simplicial flows that are equivalent to any given dynamical systems, and provide
examples of the Guckenheimer-Holmes cycle [257], and of a combination of the Lorenz system [258] and Sel’kov
model [259]. Additionally, they discussed the impact of changing the orientations in simplicial complexes, and how
the algebraic symmetries in the simplicial complex reflect onto the symmetries of the dynamical system defined on it.

4.4. Pinning control of hypergraphs
The main contributions of control theory in the study of network systems coupled through pairwise interactions
have been the development of

1. Mathematical tools for steering the network toward a desired state (see, e.g., Ref. [260] and references therein).
Among the wide range of control schemes, one of the most popular has been the so-called pinning control, which
prescribes that a virtual node, the pinner, injects the control signal only to a (small) fraction of the network
nodes [261, 262, 263, 264, 265, 266, 267].

2. Analytical tools to study controllability of arbitrary directed networks, and identify the set of driver nodes where a
time-dependent control can be injected to guarantee full (or partial) controllability [268, 269, 270, 271], possibly
minimizing the spent control energy [272, 273, 274, 275, 276].

Recent works have expanded the findings on pinning control and controllability in the presence of multi-body
interactions, as we will discuss in the following. More specifically, we will review how directed hypergraphs have
been used to model the case in which the pinner node can not measure the individual state of the controlled nodes, and
how the controllability analysis on linear networks on graphs has been expanded to the case of multi-body interactions
that can be translated into polynomial dynamical systems [277].

In standard pinning control on networks, a virtual node, the pinner, exerts a control action on a limited fraction
of the network nodes, denoted “pinned”. This action is proportional to the difference between the state of the pinner
and that of the pinned node [261, 267]. The underlying assumption in this control strategy is that the pinner is capable
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of measuring the state of a given network node, and therefore this control signal can be suitably represented by a
directed edge from the pinner to the controlled node. However, such a scheme is not always applicable as it may not
be possible to feed back the state of the pinned node. For example, in microbial consortia the control designer only
has available an aggregated measurement of the fluorescence of a cell group, whereby the fluorescence of a single
cell (i.e., of a single node) cannot always be measured [278]. Similar challenges might be posed by constraints on the
actuation that force the controller to inject the same control signal to more nodes (i.e., more cells). To account for these
constraints, De Lellis et al. [279] modeled the interaction between coupled units through a directed hypergraph [280],
using directed hyperedges from the pinner (the tail of the hyperedge) to a subset of nodes (the heads of the hyperedge)
to describe the control signals. Namely, the Authors of Ref. [279] considered the dynamics of the nodes of a controlled
hypergraph #, = {V,,E,}, where V, = {v|, ..., vy} is the set of controlled nodes, and £, = {hy, ..., h,,} the set
of directed hyperedges of %,, with the i-th directed hyperedge A; being an ordered pair (7 (h;), H(h;)) of (possibly
empty) disjoint subsets of the hypergraph nodes. The ordered subsets 7 (h;) and H(h;) of V are the set of tails and
heads of the hyperedge h;, with cardinality |7 (h;)| and |H(h;)|, respectively, and such that 7 (h;) N H(h;) = @. De
Lellis et al. associated a node v; € V, to a state variable x; € R”, and to a hyperedge h € &, a tail state matrix
x; = [Xyp,1) -+ » Xgen, 7] @nd a head state matrix xz = [Xgen, 1y -+ » Xy ey )> With Xy, ) and Xy, ;) being the
state of the i-th tail and of the j-th head of A, respectively. The node dynamics can be then written as

% =1, 0+ Y op(fay — XPBy) +uy, (80)

heg)!
where f : R" X R,; — R" is the continuous and differentiable vector field describing the individual dy-
namics, o, is the coupling gain associated to the hyperedge h; a, = [(@p)ypn,1ys--- ’(ah)t(h,lT(h)l)]T and f, =

[(Brgn1ys - » (ﬁh)h(h,|H(h)|)]T are the (ordered) vectors stacking the weights associated to the tails and heads of A,

respectively, such that O‘ZIIT(h)I = ﬁ;]l|H(h)| = 1; the control input u; tries to steer the dynamics of the controlled
nodes onto the trajectory of the pinner, defined by the following Cauchy problem:

{ x, = f(x,,1), -

x,(0) = x,

where x; € R” is the state of the pinner.

Note that the coupling protocol in Eq. (80), called hyperdiffusive in Ref. [279], is such that each head of a hyperedge
receives a signal which is proportional to the difference between a convex combination of the states of the tails and
a convex combination of the states of the heads of the hyperedge. Such a protocol is synchronization noninvasive
according to the definition given in Ref. [27]. To describe the higher-order links connecting the pinner with the
controlled network Eq. (80), it is possible to consider an augmented hypergraph # = {V, £}, of which #, is a
proper sub-hypergraph. More specifically, the node set V also includes the pinner, thatis, V =V, U {v,}, and

N
e=¢gul e,
i=1

where £/ is the set of hyperedges having the pinner v, as a tail, and node v; as a head. Note that the state evolution
of the pinner, by definition Eq. (81), is not influenced by those of the controlled nodes, and therefore it is a node
that cannot be a head of any hyperedge, that is, £ is such that s & (J,c H(h). In the context of hypergraphs, the
standard definition of the set of pinned nodes P as the nodes who are directly influenced by the pinner extends as
P={i €V : EY + @), allowing to define the control action as

Y k= xkBy), i€P,
U, = he&si (82)

1
0, otherwise,

where k, is the control gain associated to the hyperedge A, and where the pinner’s state X; is one of the columns of the
tail state matrix x;. Examples of pinning control actions associated to hyperedges of size 3 are reported in Fig. 39.
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Figure 39: Sample pinning hyperedges. Denotlng with k, the hyperedge weight, in panel (a), the inputs to nodes 1 and 2
would be u; = u, =k, (x, — (B;X, + f,X,)), whereas in panel (b) the input to node 2 would be u, = k, ((a,x, + a,x,) — X,).

As in the standard pinning control of graphs, the goal of the control action Eq. (82) is to steer the dynamics of the
nodes in the controlled network toward the pinner’s trajectory. Defining the pinning error of node i as e; = x; — s, and

the network pinning error as e = [ey; ... ; €], the control objective is to drive e(f) asymptotically to zero, that is,
lim |le(?)|| = 0. (83)
t—>+00

4.4.1. Equivalence with signed graphs
It can be noted that, given a hyperedge h € &£, the following equality holds

=2 (@, -x0) = Y (6,5 -x). (84)

JET (h) JEH(h)

This observation allows to rewrite network (80) - (81) over the hypergraph # as an equivalent network over a weighted
signed graph & = & (#’). Namely, equations (80) - (81) are equivalent to

N+1
L= f@.0+ ) a,@z —1), (85)
j=1
wherez = [z;;...;Zy ], withz; =x; fori =1,..., N,and zy | = X,, stacks the states of the nodes of the controlled

network and that of the pinner, and g;; is the (off-diagonal) entry ij of the adjacency matrix associated to &', defined
as

a;; = Z (ap)jop = Y, Bujon+ Zp(i)< > (ah) kp = Z (ﬂh) kh) (86)

heel! hee; ) heglsh hee;!

where Ip(i) = 1 if i € P, and zero otherwise, and where, given two node subsets V|, V, C V, EV1Y2 s the set of
hyperedges having a tail in V| and a head in V,, thatis, {h € € : V; C T(h) AV, C H(h)}; finally, EVI = {h; €
E V| € H(h;)} is the set of hyperedges having all the nodes in V| as heads. A sample 5-node hypergraph # and its
equivalent signed graph &' (#’) is depicted in Fig. 40.

4.4.2. Pinning control design

The equivalent representation (85) - (86) of the higher-order network (80) - (81) allowed the Authors of Ref. [279]
to derive sufficient conditions for driving the state of the controlled node onto the trajectory of the pinner. Sorting the
eigenvalues of the Laplacian matrix associated with the signed graph & in ascending order of their real part, such that
R(4;) £ ... £ R(Ay) (where R stands for the real part), a sufficient condition for global convergence of e() to zero
can be obtained when R(4,) > 0 and the vector field f fulfills the so-called QUAD assumption [279]. Interestingly,
the condition R(4,) > 0 on the interaction topology is not necessarily fulfilled if there is a hyperpath on # from the
pinner to the rest of the nodes, different from what happens on directed graphs [264]. Therefore, the standard guideline
for pinning control of digraphs, which prescribes to pin at least one node in each root strongly connected component
of the controlled graph, cannot be trivially extended to graphs.
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Figure 40: The signed graph. A sample hypergraph % is depicted in panel (a), and its equivalent associated signed graph
S§() in panel (b). Figure reprinted from Ref. [279].
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Figure 41: Pinning control. Application of the pinning control design heuristic from Ref. [279] to a network of Chua’s
circuit coupled through the hypergraph # depicted in panel (a), where the pinner is node 9, and the we report the
Laplacian matrix L of the associated signed graph &(#’). Panel (b) and (c) shows the dynamics of the error norm for each
of the controlled node before and after the application of the pinning selection algorithm. Figure adapted from Ref. [279].

De Lellis et al. then built a heuristic algorithm to choose the pinning hyperedges, which starts by extracting from
S a (positively-signed) graph & that only contains the positive edges of &. The design procedure first ensures that
at least one node in each root strongly connected component in & is pinned through edges or hyperedges, which is
a necessary condition for having R(4,) > 0. The heuristic continues with the identification a critical negative edge
in &, say h~, that, when added to &, would make the second smallest eigenvalue associated to the Laplacian matrix
cross the imaginary axes. Then, the algorithm proceeds by adding a hyperedge with heads in one of the endpoints,
say i, of A~ and only in the strongly connected components to which i belongs. The algorithm terminates when there
are no more critical edges in &, and therefore the final selection of pinning hyperedges guarantees that R(4,) > 0.
Figure 41 illustrates the effectiveness of the heuristic on a sample hypergraph.

4.5. Controllability of hypergraphs
In linear networks over digraphs, the classic controllability problem tackled in the literature studies the following
dynamics

X = AX + Bu, 87)

where X = [x;...;x,] € R" is the network state, with x; € R being the (scalar) state of node i, A € R™" is the
adjacency matrix of a graph, B € R"™ "™ is the input matrix, and u € R"™ is the control input. In this context, starting
from the classic Kalman criterion [281], the problem of selecting the driver nodes where the input should be injected
to achieve complete or partial controllability of the network has been widely investigated in the literature (see, e.g.,
Refs. [268, 269, 270, 271, 274] and references therein).
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Chen et al. in Ref. [277] generalized the controllability problem over network (87) to the case of interactions
taking place over an undirected hypergraph # = (V, £). Specifically, they considered a k-uniform hypergraph, whose
adjacency tensor is a k-th order n-dimensional supersymmetric tensor, whereby its element j, j, ... j,, defined as

1 .
PPN lf{.] sj 9~~~’j }eg,
(k — 1)! /2 k (88)

0, otherwise,

A

Jedk =

is invariant under any permutation of the indices. The tensor multiplication of A along mode 1 < p < k for a vector
v € R" is a k — 1 order n-dimensional sensor, denoted A Xp Us defined as

n

(4 Xp V)j|j~~jp_|/p+1~-/k = Z T}I“'jp“'jk Ujy
Jp=1
Given k vectors vy, ..., V;, the tensor multiplication can be extended as

AV1V2 ...Vk = AX] Vl Xz V2 X3 Xk Vk'

Using tensor algebra, the Authors of Ref. [277] generalized system (87) as

m

j=1
where b ; is the j-th column of B, and
AXFTl = A X XXy X X X, (90)

We note that, for u = 0, Eq. (89) would describe a homogeneous polynomial system, whereby Ax*~! € R” is a
homogeneous polynomial of degree k — 1. Therefore, the higher order interactions in the hypergraph translate into
multiplicative terms in the interaction model proposed by Chen et al., which were motivated by the nonlinear dynamical
systems that model protein-protein interactions (see, e.g., Ref. [282]).

Leveraging classic results from controllability of polynomial systems [283], Chen et al. derived a condition for
controllability of system (89). Letting C, being the linear span of {by,...,b,}, for a generic integer ¢, C, can be
recursively defined as the linear span of

Comt U AV IV vy lv, € Cpy )

The Authors of Ref. [277] proved that, for an even k, the polynomial system (89) is strongly controllable, in the sense
that it can be driven from any initial state to any target state in any finite time, if the C(A, B) = U,5,C, = R". Note that,
for linear networks, that is, when # is a graph, this condition reduces to the well-known Kalman condition. Using this
result for assessing controllability can be computationally prohibitive, and therefore the Authors proposed an efficient
approach to compute a reduced controllability matrix, denoted C, such that, if rank(C,) = n, system (89) is strongly
controllable.

When k is odd, that is, when we consider odd uniform hypergraphs, conditions for controllability have not been
derived yet. Indeed, such a hypergraph would give rise to a polynomial system of even degree, whose controllability
is an open problem in the literature [284]. Nonetheless, using the results of Ref. [285], Chen et al. showed that
the same condition used for controllability for even k, that is, C(A, B) = R", can be used for an odd k to guarantee
that system (89) is accessible, which is a weaker form of controllability that implies that, for any initial state x;, the
reachable set in a positive time T contains a non-empty open set.

Based on their results, Chen ef al. then derived a heuristic algorithm to determine the minimal selection of driver
nodes to enforce controllability (accessibility in the case of k odd): the driver nodes were chosen based on the maximum
change in the ranking of the reduced controllability matrix C,. Figure 42 reports the driver node selection for select
4-uniform r-hyperchains, r-hyperrings and r-hyperstars, where r < k — 1 is the number of nodes common between
two intersecting hyperedges”. Interestingly, the Authors point out that the selection of the driver nodes is linked to
the degree distribution, whereby numerical evidence shows that nodes with the highest degree are always picked as
drivers.

2In standard k-uniform hyperchains, hyperrings and hyperstars, » = k — 1.
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Figure 42: Driver node selection for different types of hypergraphs. Panels A, B, and C correspond to 4-uniform 1-
hyperchains, 2-hyperchains, and 3-hyperchains, respectively. Panels D, E, and F correspond to 4-uniform 1-hyperrings,
2-hyperrings, and 3-hyperrings, respectively. Panels G, H, and | correspond to 4-uniform 1-hyperstars, 2-hyperstars, and
3-hyperstars, respectively. The selected driver nodes are identified by arrows, with cyan arrows corresponding to the nodes
with the highest degree, which are always selected as drivers. Figure based on Ref. [277].

5. Conclusions and perspectives

At the end of this long journey, we dare to make a few concluding remarks with the aim to identify questions
that remain still open to future progresses, and to point this way the reader towards some issues and problems that we
consider to be of key relevance, and that we believe that would most likely attract soon the attention of scientists in the
area.

Our Chapter 2 has concentrated on giving the essential mathematical concepts, and in describing some measures
and properties that have been used in the rest of the report. In fact, a full extension to hypergraphs of the measures and
definitions which are currently used for describing the structural properties of classical networks is a real challenge
for applied mathematicians. The extent of this difficulty can be easily understood by considering that, while classic
networks are described in terms of matrices, hypergraphs requires a tensor representation, and the transition from
matrix to tensor algebra is a passage which, roughly speaking, corresponds to the opening of a Pandora’s box.

It is unclear, for instance, whether the proper approach to describe networks with interactions at different orders is
still that of defining scalar measures (duly weighted to account for the various orders of interplay), or instead to adopt
vectorial quantities (having different components, one per each order of interaction) that may carry a more refined
information on the overall structure of the hypergraph. This is the case of Ref. [46], where it was proved that a vector
centrality offers a way to differentiate nodes in different rankings, and therefore to distinguish the role that a given node
may play in the system at a given order of interaction.

A second absolutely relevant question is describing group interactions of heterogeneous nature. A clear issue is the
problem of directionality: in classical networks directionality simply means an arrow indicating the direction where
the pairwise interaction occurs. However, a definition of asymmetric hyperlinks may be not unique. Let us consider,
for example, the case of (scientific) collaboration networks. We already saw that this case can be mapped into a higher
order network, where nodes represent scientists and each scientific paper is an hyperlink among the co-Authors of
the Manuscript [13, 286]. However, the role played by each Author in the development of a Manuscript is not the
same: in many disciplines, the first and last Authors are the scientists who mostly contributed to the Manuscript, as
well as in multidisciplinary collaborations different kind of scientists (such as theoretical researchers and experimental
scientists) may play a different role in the development of the collaboration. This would require a completely new
formalism which would introduce "structured" hyperlinks, i.e.. new mathematical objects which are not simply the
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entries of a tensor, but are endowed with internal properties that would describe the complexity of the interactions
among the nodes contained in the hyperlink. And a second Pandora’s box opens up.

Chapter 3 of our report is an account on different processes that may take place among units interacting beyond a
pairwise level, from epidemic spreading, to models of opinion formation, social contagion, and games.

Here, several open questions exist that, we are sure, will soon attract the interest of fellow researchers. A funda-
mental point is the study of spreading models that mix contact spreading and spatial diffusion, as well as the study
of models of multiple diseases spreading, with nontrivial interactions between them. In turn, this would lead to a full
understanding on the effect of evolving higher-order structures on the spreading processes. As a particularly important
case, the study of how reactive structural adaptivity affects epidemic spreading.

Another missing point is a full equilibrium thermodynamic theory for contagion models, as well as the determi-
nation of the rigorous mathematical conditions for the applicability of the numerous approximations that have been
made in the literature (in other words, what are the actual underlying or implicit assumptions used, and in what systems
would they fail?). At the same time, a pressing issue is the estimation of the errors caused by the presence of structural
and dynamical correlations when using mean-field methods to study epidemics and related strategies to stop or slow
down the spreading.

Finally, we mention the need of developing (structural) renormalization techniques for contact and dynamical
processes on hypergraphs, which, in turn, would help with the inclusion of correlation effects, which is currently
numerically difficult for networks with hyperedges of high dimension, as well as the study of the effects of stochasticity
on spreading processes.

Chapter 4 is the longest of this report, and accounts for the emergence of collective dynamics in hypernetworks
and control of hypergraphs.

In particular, the first part of the Chapter is dedicated to synchronization of networked dynamical units, i.e., to
the fact that an ensemble of dynamical systems may give rise to a macroscopic synchronous motion as a result of the
specific network structure of interactions among them.

Synchronization of networked units is a behavior observed far and wide in natural and man made systems, and
correspond to the fact that, as a control parameter (typically the coupling strength in each link or hyperlink) is increased,
the ensemble passes from a fully disordered state (at small coupling values, in which each unit evolves independently
on the others) to a fully ordered one characterized by the fact that all units follow the same trajectory.

The transition to synchronization of identical units can be either abrupt and discontinuous (and, in this case, the
term used in the literature is explosive synchronization) or second-order like i.e., continuous and progressive. This
latter state is called cluster synchronization and corresponds, for classical networks, to the emergence of structured
states where the ensemble splits into different subsets (the clusters) each one evolving in unison. Moreover, it is
known that the underlying symmetries of a network are responsible for the way nodes split in functional clusters
during cluster synchronization. A clear challenge is, therefore, describing the transition to synchronization in the case
of hypernetworks, where the concept of clusters and symmetries need still to be properly defined.

‘When the units are non identical, as in the case of the Kuramoto model, we have reviewed a bulk of studies which
have pointed out that higher order interactions actually introduce a very rich synchronization scenario, including states
that would be inherently prevented for pairwise interactions. Almost all analytical studies, however, are so far confined
to the case of global coupling, and the extension of analytical approaches to structured hypernetworks is certainly a
problem to be faced within the next years.

Another crucial problem which needs thorough investigation is how inclusion of higher-order interaction facilitates
first-order transition to synchronization in non identical systems. Specifically, how much higher-order interactions are
sufficient to cause a first-order-like transition in the system, and which kind of distribution of higher-order interactions
is supportive or detrimental for causing abrupt synchronization in hypernetworks.

Chapter 4 contains moreover a thorough review on control and controllability of hypernetworks.

The full exploitation of the hypergraph formalism in control theory is yet far to come. In the presence of diffusive-
like higher order coupling, for instance, the analogy with signed graphs could be further explored to optimally select the
units to be pinned in pinning control problems, minimize the control energy required to achieve the desired coordination
task in the network, and to identify the driver nodes guaranteeing controllability of the overall system.

On the other hand, a theoretical framework that uses directed hypergraphs to translate the actuation and sensing
constraints on networked dynamical systems is far from having been rigorously developed. In particular, control
strategies should be developed to tackle coordination problem for more general higher-order interaction of the type
described in Ref. [27], where the protocol may not be hyperdiffusive as that considered in Ref. [279].
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Another challenging problem in control of networked systems is to steer the trajectory of a co-evolving network,
when dynamics take place both at the nodes and at the edges. In the presence of higher-order interactions, dynamics
may also take place on higher-order structures such as triangles and tetrahedra, see e.g., Ref. [227]. In this framework,
therefore, an open challenge is that of designing control inputs that would guarantee the emergence of a desired behavior
in the overall higher-order system.

As for possible relevant applications, we here briefly quote some circumstances where we believe that the formalism
of higher-order networks can be used successfully in future years, especially in power grids, neuroscience, social
science and linguistics.

Coupled Kuramoto oscillators with inertia [287] provide a model that successfully describes the dynamics of power-
grids [288, 289, 290]. As we have seen in the previous Chapter, a large body of literature exists on Kuramoto oscillators
interplaying (without inertia) on hypergraphs, and recently an analytical framework has been developed which incor-
porates inertia in Kuramoto oscillators coupled interacting on simplicial complex [291]

The brain is another example where the importance of higher-order interactions has been revealed for information
processing [10], and the existence of its various functional responses[292].

Modern linguistics is characterized by its innovative approach of considering a language as a system or a complex
network, this way developing fresh and efficient quantitative methods for its study. In particular, the higher order
network formalism entitles one to build new models of linguistic that consider sentences or paragraphs as groups or
collections of certain words, and makes it possible to capture and analyze information on the mesoscopic structure
of texts (relationships between words, sentences, paragraphs, chapters and texts).Additionally, new tools for detecting
plagiarism and obtaining elements that allow characterizing the style of an author can be introduced.

On the other hand, considering each hyper-arista as a property or a characteristic that a node may or may not have,
or even as an event or an affair to which a node may or may not participate, applicability of high-order networks in the
field of social network models is beyond any doubt.

Finally, let us conclude this report by remarking, once again, that Network Science is one of the hottest and most
successful fields of modern research. Given the enormous success and the gigantic number of applications that com-
plex networks have already encountered in almost all realms of nonlinear science, it is easy therefore to see that studies
on hypergraphs and other higher order networks constitute the next step that network scientists will make within the
next decade. At the same time, we believe that the years to come will possibly bring to light other phenomena whose
description will instead require to mix continuous and distributed approaches, and for which therefore the only repre-
sentation of the system as a single network could be too short a limitation.
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